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Secular Perturbations

Past and to come seem best, things present worst.

William Shakespeare, Henry IV, (2), I, iii

7.1 Introduction

In the last chapter we saw how the disturbing function can be expanded in an
infinite series where the individual terms can be classified as secular, resonant,
or short period, according to the given physical problem. We have already stated
in Sect. 3 that the N -body problem (for N ≥ 3) is nonintegrable. However, in
this chapter we will show how, with suitable approximations, it is possible to
find an analytical solution to a particular form of the N -body problem that can be
applied to the motion of solar system bodies. We can do this by considering the
effects of the purely secular terms in the disturbing function for a system of N
masses orbiting a central body. The resulting theory can be applied to satellites
orbiting a planet, or planets orbiting the Sun, and then used to study the motion
of small objects orbiting in either of these systems. This is the subject of secular
perturbation theory.

7.2 Secular Perturbations for Two Planets

Consider the motion of two planets of mass m1 and m2 moving under their mutual
gravitational effects and the attraction of a point-mass central body of mass mc
where m1 " mc and m2 " mc. Let R1 and R2 be the disturbing functions
describing the perturbations on the orbit of the masses m1 and m2 respectively,
where R1 and R2 are functions of the standard osculating orbital elements of
both bodies. Osculating elements, from the Latin verb osculare meaning “to
kiss”, are instantaneous elements derived from the values of the position and
velocity of an object assuming an unperturbed keplerian orbit. The perturbations
on the orbital elements are given by Lagrange’s equations, Eqs. (6.145)–(6.150).
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7.2 Secular Perturbations for Two Planets 275

In the absence of any mean motion commensurabilities between two masses,
the secular perturbations arising from the gravitational perturbations between
m1, m2, and mc are obtained by isolating the terms in the disturbing function
that are independent of the mean longitudes. We can also exclude any terms that
depend only on the semi-major axis since, from Eq. (6.145), these will not make
any contribution to secular evolution. To second order in the eccentricities and
inclinations (and first order in the masses), the only terms in the expansion of the
disturbing function that do not contain the mean longitudes are, from Appendix
B, the terms 4D0.1, 4D0.2, and 4D0.3 with j = 0. Hence the general, averaged,
secular, direct part of the disturbing function is

R(sec)

D = 1
8

[
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12 D2
]

b(0)
1
2

(e2
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b(1)
1
2
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+ α12b(1)

3/2s1s2 cos(#1 − #2), (7.1)

where the subscripts 1 and 2 refer to the inner and outer body respectively and
α12 = a1/a2 where a1 < a2. There is no indirect part. In fact, as can be seen
from Appendix B, all the indirect terms involve at least one mean longitude
and hence will never contribute purely secular terms (see Brouwer & Clemence
1961).

When calculating R1 and R2 from R(sec)

D we have to take account of the fact
that R1 arises from an external perturbation by m2 whereas R2 comes from an
internal perturbation by m1. Hence, from Eqs. (6.134) and (6.135), R1 and R2
can be written as

R1 = Gm2

a2
R(sec)

D = Gm2

a1
α12R(sec)

D (7.2)

and

R2 = Gm1

a1
α12R(sec)

D = Gm1

a2
R(sec)

D . (7.3)

Using the following relationships between the Laplace coefficients and their
derivatives,

2α
db(0)

1/2

dα
+ α2

d2b(0)

1/2

dα2 = αb(1)

3/2, (7.4)

2b(1)
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3/2, (7.5)
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276 7 Secular Perturbations

and the approximations Gmc ≈ n2
1a3

1 ≈ n2
2a3

2, we can write

R1 = n2
1a2

1
m2

mc + m1
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(7.6)

and

R2 = n2
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2
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, (7.7)

where we have assumed that I1 and I2 are small enough so that the approximations
s1 = sin 1

2 I1 ≈ 1
2 I1 and s2 = sin 1

2 I2 ≈ 1
2 I2 are valid.

The equations for R1 and R2 given in Eqs. (7.6) and (7.7) can be combined
to give

Rj = nj a2
j

[
1
2

Aj j e2
j + Ajke1e2 cos("1 − "2)

1
2

Bj j I 2
j + Bjk I1 I2 cos(#1 − #2)

]
, (7.8)

where j = 1, 2; k = 2, 1 ( j %= k); and
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where ᾱ12 = α12 if j = 1 (an external perturber) and ᾱ12 = 1 if j = 2 (an internal
perturber). From the definition of the Laplace coefficients given in Sect. 6.4 we
have
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∫ 2π
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7.2 Secular Perturbations for Two Planets 277

Note that in this case B11 = −B12 and B21 = −B22. However, the situation is
different when we have to take account of terms due to the oblateness of the
central body (see Sect. 7.7). All these quantities are frequencies that can be
thought of as the constant elements of two matrices A and B given by

A =
(

A11 A12
A21 A22

)
and B =

(
B11 B12
B21 B22

)
. (7.15)

Note that the elements of these matrices are only functions of the masses and
the (fixed) semi-major axes of the two bodies and that the rows (or columns) of
the matrix B are not linearly independent.

Taking the lowest order terms in e and I in Eqs. (6.146), (6.148), (6.149), and
(6.150) we can easily derive an approximate form of Lagrange’s equations for
the time variation of the original orbital elements:

ėj = − 1
nj a2

j ej

∂Rj

∂"j
, "̇j = + 1

nj a2
j ej

∂Rj

∂ej
, (7.16)

İj = − 1
nj a2

j Ij

∂Rj

∂#j
, #̇j = + 1

nj a2
j Ij

∂Rj

∂ Ij
. (7.17)

Given the form of the equations above, it is convenient to define the vertical
and horizontal components of eccentricity and inclination “vectors” by:

hj = ej sin "j , kj = ej cos "j (7.18)

and

pj = Ij sin #j , qj = Ij cos #j . (7.19)

These variables have the advantage that they avoid the singularities inherent in
Eqs. (7.16) and (7.17) for low e and I . The general secular part of the disturbing
function can now be written

Rj = nj a2
j

[
1
2

Aj j (h2
j + k2

j ) + Ajk(hj hk + kj kk)

+ 1
2

Bj j (p2
j + q2

j ) + Bjk(pj pk + qj qk)

]
. (7.20)

Note that when k is used as a subscript it is always equal to either 1 or 2, denoting
the interior or exterior body; this should not be confused with the use of k as the
horizontal component of the eccentricity vector.

Since each of the hj , kj , pj , and qj is a function of two variables we can write
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, (7.21)
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278 7 Secular Perturbations

where, from the definitions given above, the partial derivatives are given by

∂hj

∂ej
= hj

ej
,

∂kj

∂ej
= kj

ej
,

∂hj

∂"j
= +kj ,

∂kj

∂"j
= −hj (7.23)

and
∂pj

∂ Ij
= pj

Ij
,

∂qj

∂ Ij
= qj

Ij
,

∂pj

∂#j
= +qj ,

∂qj

∂#j
= −pj . (7.24)

After some calculation it can be shown that the perturbation equations can be
written as

ḣ j = + 1
nj a2

j

∂Rj

∂kj
, k̇j = − 1

nj a2
j

∂Rj

∂hj
, (7.25)

ṗj = + 1
nj a2

j

∂Rj

∂qj
, q̇j = − 1

nj a2
j

∂Rj

∂ pj
, (7.26)

where Rj is as given in Eq. (7.20).
The full equations for the variation of hj , kj , pj , and qj ( j = 1, 2) then become

ḣ1 = +A11k1 + A12k2, k̇1 = −A11h1 − A12h2,

ḣ2 = +A21k1 + A22k2, k̇2 = −A21h1 − A22h2,

ṗ1 = +B11q1 + B12q2, q̇1 = −B11 p1 − B12 p2,

ṗ2 = +B21q1 + B22q2, q̇2 = −B21 p1 − B22 p2. (7.27)

Thus, to lowest order, the equations for the time variation of
{
hj , kj

}
are decoupled

from those of
{

pj , qj
}
. Furthermore, these are linear differential equations with

constant coefficients, and hence the problem of secular perturbations reduces to
two sets of eigenvalue problems. The solutions are given by

hj =
2∑

i=1
eji sin(gi t + βi ), kj =

2∑

i=1
eji cos(gi t + βi ), (7.28)

pj =
2∑

i=1
Iji sin( fi t + γi ), qj =

2∑

i=1
Iji cos( fi t + γi ), (7.29)

where the frequencies gi (i = 1, 2) are the eigenvalues of the matrix A, with
eji the components of the two corresponding eigenvectors, and fi (i = 1, 2) are
the eigenvalues of the matrix B, with Iji the components of the corresponding
eigenvectors. The phases βi and γi , as well as the amplitudes of the eigenvec-
tors, are determined by the initial conditions. This would correspond to making
observations of the osculating eccentricities and inclinations at some time. The
solution described by Eqs. (7.28) and (7.29) is the classical Laplace–Lagrange
secular solution of the secular problem.

With the introduction of the solution to the eigenvalue problem it is easy
to confuse the quantities associated with the two bodies and those associated
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7.3 Jupiter and Saturn 279

with the two eigenmodes of the system. In our notation the subscript j al-
ways denotes the planet number while the subscript i always denotes the mode
number.

It is interesting to note that in our case the characteristic equation for B is

∣∣∣∣
B11 − f B12

B21 B22 − f

∣∣∣∣ = 0, (7.30)

which reduces to

f [ f − (B11 + B22)] = 0 (7.31)

since B11 B22 − B12 B21 = 0 from the definitions given in Eqs. (7.11) and (7.12).
Thus one of the roots of the characteristic equation is f1 = 0 and there is a
degeneracy in the problem. This highlights a subtle difference between the {h, k}
and the {p, q} solutions. Whereas an eccentric orbit introduces an asymmetry
and a reference line into the problem, a spherical or point-mass central body
has no natural reference plane. Physically it is only meaningful to talk about a
mutual inclination and hence the choice of a reference plane is arbitrary. For
example, it is customary to refer satellite orbits to the equatorial plane of the
planet (i.e., the plane perpendicular to its spin vector). However, as we shall see,
the introduction of a nonspherical planet adds terms to the diagonal elements of
B and removes the degeneracy problem.

Another point concerning our solution is that it is independent of the mean
longitudes because these have been deliberately excluded from the averaged
part of the disturbing function. Therefore, although we are able to predict the
variations in the eccentricities, inclinations, pericentres, and nodes of the two
bodies, we have no information about their positions in space.

The solution given in Eqs. (7.28) and (7.29) implies that the resulting motion
of all the masses is stable for all time. However, it is important to remember
the assumptions under which this result was derived: (i) no mean motion com-
mensurabilities, (ii) r1 < r2 , and (iii) the es and I s are small enough that a
second-order expansion of the disturbing function is sufficient to describe the
motion. But the amplitudes of the eccentricity eigenvectors, for example, could
be large enough for the orbits to intersect, violating conditions (ii) and (iii). As
we shall see there may be situations where no mean motion commensurabilities
exist, but where “small divisor” terms are still important. We have derived a
theory that is correct only to the first order in the masses and so it is impor-
tant to realise that there could be significant contributions from a second-order
theory.

7.3 Jupiter and Saturn

We will now apply the theory given above to the case of Jupiter (mass m1)
and Saturn (mass m2) orbiting the Sun (mass mc). In 1983 the system had the
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280 7 Secular Perturbations

following parameters:

m1/mc = 9.54786 × 10−4, m2/mc = 2.85837 × 10−4,

a1 = 5.202545 AU, a2 = 9.554841 AU,

n1 = 30.3374◦y−1, n2 = 12.1890◦y−1,

e1 = 0.0474622, e2 = 0.0575481,

"1 = 13.983865◦, "2 = 88.719425◦,

I1 = 1.30667◦, I2 = 2.48795◦,

#1 = 100.0381◦, #2 = 113.1334◦. (7.32)

Since α = a1/a2 = 0.544493, we can use the definition of Laplace coefficients
given in Eqs. (7.13) and (7.14) to get

b(1)

3/2 = 3.17296, b(2)

3/2 = 2.07110. (7.33)

Using the definitions of the matrix elements given in Eqs. (7.9)–(7.12) we
have

A =
(

+0.00203738 −0.00132987
−0.00328007 +0.00502513

)
◦y−1 (7.34)

and

B =
(

−0.00203738 +0.00203738
+0.00502513 −0.00502513

)
◦y−1. (7.35)

We can now find the eigenvalues of A and B by solving the respective char-
acteristic equations:

∣∣∣∣
A11 − g A12

A21 A22 − g

∣∣∣∣ = g2 − (A11 + A22) g + (A11 A22 − A21 A12) = 0 (7.36)

and
∣∣∣∣

B11 − f B12
B21 B22 − f

∣∣∣∣ = f 2 − (B11 + B22) f + (B11 B22 − B21 B12) = 0. (7.37)

The solutions of the resulting quadratic equations are

g1 = 9.63435 × 10−4 ◦y−1, g2 = 6.09908 × 10−3 ◦y−1 (7.38)

and

f1 = 0, f2 = −7.06251 × 10−3 ◦y−1. (7.39)

The eigenvectors of A and B are the four vectors x1, x2, y1, and y2 that satisfy
the equations

Axi = gi xi and Byi = fi yi (i = 1, 2). (7.40)

However, it is clear from these definitions that if xi is an eigenvector of the
matrix A then so is cxi , where c is a constant. Therefore each eigenvector is only
determined up to some arbitrary scaling constant. If we let ēj i and Īj i denote the
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7.3 Jupiter and Saturn 281

components of these unscaled eigenvectors and let Si and Ti denote the scaling
constant (or magnitude) of each eigenvector, then

Si ēji = eji and Ti Īji = Iji (i = 1, 2). (7.41)

The values of ēj i and Īj i are obtained by solving four sets of two simultaneous
linear equations in two unknowns. The four resulting (unscaled) eigenvectors
are

(
ē11
ē21

)
=

(
−0.777991
−0.628275

)
,

(
ē12
ē22

)
=

(
0.332842
−1.01657

)
,

(
Ī11
Ī21

)
=

(
0.707107
0.707107

)
,

(
Ī12
Ī22

)
=

(
−0.40797
1.00624

)
. (7.42)

The scaling factors Si and Ti are determined from the boundary conditions. At
time t = 0 we have

h1 = 0.0114692, h2 = 0.0575337, k1 = 0.0460556, k2 = 0.00128611
(7.43)

and

p1 = 0.0224566, p2 = 0.0399314, q1 = −0.00397510, q2 = −0.0170597,

(7.44)

where we have converted the inclinations from degrees to radians. Substituting
t = 0 in our general solution given in Eqs. (7.28) and (7.29) we get

hj = S1ēj1 sin β1 + S2ēj2 sin β2, kj = S1ēj1 cos β1 + S2ēj2 cos β2 (7.45)

and

pj = T1 Īj1 sin γ1 + T2 Īj2 sin γ2, qj = T1 Īj1 cos γ1 + T2 Īj2 cos γ2, (7.46)

where the subscript j (= 1, 2) denotes the planet (Jupiter or Saturn). These can
be considered as four sets of two simultaneous linear equations in the eight
unknowns Si sin βi , Si cos βi , Ti sin γi , and Ti cos γi with (i = 1, 2). In our case
the solutions are

(
S1 sin β1
S2 sin β2

)
=

(
−0.0308089
−0.375549

)
,

(
T1 sin γ1
T2 sin γ2

)
=

(
0.0388876
0.0123566

)
,

(
S1 cos β1
S2 cos β2

)
=

(
−0.0472469

0.027935

)
,

(
T1 cos γ1
T2 cos γ2

)
=

(
−0.0109598
−0.00925221

)
.

(7.47)

These give

β1 = −146.892◦, β2 = −53.3565,◦ γ1 = 105.74◦ γ2 = 126.825◦ (7.48)

and

S1 = 0.0564044, S2 = 0.0468053, T1 = 0.0404025, T2 = 0.0154366.

(7.49)
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282 7 Secular Perturbations

The resulting, scaled eigenvectors are
(

e11
e21

)
=

(
−0.0438821
−0.0354375

)
,

(
e12
e22

)
=

(
0.0155788
−0.047581

)
,

(
I11
I21

)
=

(
0.0285689
0.0285689

)
,

(
I12
I22

)
=

(
−0.00629766

0.015533

)
, (7.50)

where the Iji are expressed in radians.
We have now determined all the constants in Eqs. (7.28) and (7.29). Therefore

we can obtain h, k, p, and q for Jupiter and Saturn at any time t . The solution is
of the form

hj = ej1 sin(g1t + β1) + ej2 sin(g2 t + β2),

kj = ej1 cos(g1t + β1) + ej2 cos(g2 t + β2),

pj = Ij1 sin( f1t + γ1) + Ij2 sin( f2 t + γ2),

qj = Ij1 cos( f1t + γ1) + Ij2 cos( f2 t + γ2), (7.51)

where j = 1 for Jupiter and j = 2 for Saturn. From these solutions we can derive
the orbital elements of the two planets at any time t . For example, the relation
ej (t) = (h2

j + k2
j )

1/2 is used to calculate the eccentricity of planet j . Using our
results we obtain

e1(t) =
√

0.00217 − 0.00137 cos(93.5◦ + 0.00514 t),

e2(t) =
√

0.00352 + 0.00337 cos(93.5◦ + 0.00514 t),
(7.52)

where the phases are in degrees and the frequencies in degrees per year. This
implies a fixed periodicity of ∼ 70,100 y in the variation of the eccentricity
of each planet. Figure 7.1a shows the evolution of the eccentricities of the two
planets over a time span of 200,000 y derived from our secular solution; the
periodicity in the variation is clear. The different signs in the magnitude of the
cosine imply that a maximum in Jupiter’s eccentricity coincides with a minimum
in Saturn’s eccentricity and vice versa.
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Fig. 7.1. The (a) eccentricities and (b) inclinations of Jupiter and Saturn derived from
a secular perturbation theory calculated over a time span of 200,000 y centred on 1983.
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7.4 Free and Forced Elements 283

Similarly the relation Ij = (p2
j + q2

j )1/2 is used to calculate the inclination of
planet j at any time t . Our results (in radians) give

I1(t) =
√

0.000856 − 0.00360 cos(21.1◦ − 0.00706 t),

I2(t) =
√

0.00106 + 0.000888 cos(21.1◦ − 0.00706 t).
(7.53)

In this case the associated period of the secular variation in each planet is
∼ 51,000 y; since f1 = 0, this period is just 360◦/ f2. The variation for each
planet is shown in Fig. 7.1b.

The secular solution that we have derived for Jupiter and Saturn is only an
approximation to the actual variations in their orbital elements. In reality the
perturbations from the planets Uranus and Neptune exert considerable influence
on their orbits. A further complication is that the orbits of Jupiter and Saturn
are close to a 5:2 commensurability. This introduces additional perturbations on
timescales that are shorter than those associated with the secular variation.

7.4 Free and Forced Elements

We have shown that under certain conditions we can construct a secular solution
to the motion of two orbiting bodies moving under their mutual gravitational
effects; at any time we can obtain the eccentricities, longitudes of pericentre,
inclinations, and longitudes of ascending node of both bodies. We can make use
of this solution to study the motion of an additional body, of negligible mass,
moving under the influence of the central body and perturbed by the other two
bodies.

Following the example given in Sect. 7.2 for the secular theory for two bodies,
the disturbing function R for a test particle with orbital elements a, n, e, I , " ,
and # is given by

R = na2
[

1
2

Ae2 + 1
2

B I 2

+
2∑

j=1
Aj eej cos(" − "j ) +

2∑

j=1
Bj I Ij cos(# − #j )

]
, (7.54)

where

A = +n
1
4

2∑

j=1

mj

mc
αj ᾱj b

(1)

3/2(αj ), (7.55)

Aj = −n
1
4

mj

mc
αj ᾱj b

(2)

3/2(αj ), (7.56)

B = −n
1
4

2∑

j=1

mj

mc
αj ᾱj b

(1)

3/2(αj ), (7.57)

Bj = +n
1
4

mj

mc
αj ᾱj b

(1)

3/2(αj ) (7.58)
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