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@ Space debris problematic

@ Forces

@ Gravitational resonances

@ Solar radiation pressure (SRP)

@ Shadowing effects

@ Lunisolar resonances

@ Numerical integrations

@ Chaos

@ Atmospheric drag

@ Other aspects : rotation, Yarkovsky, synthetic population

Post-doc : Deleflie and Casanova, and Phd : Valk, Delsate,
Hubaux, Petit and Murawiecka

Space debris



Number of debris
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Number of debris
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Chinese explosion : Fengyun 2007

New York Times
Explosion of the chinese satellite
Fengyun FY-1C on January 11, 2007
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Recent collision : Cosmos - Iridium 2009

Collision

Cosmos 2251
= debris
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What are Orbital Space Debris?

Definition
Orbital debris refers to material on orbit resulting from space
missions but no longer serving any function.

@ Launch vehicle upper stages
@ Abandoned satellites

@ Lens caps

@ Momentum flywheels

@ Core of nuclear reactors

@ Objects breakup

@ Paint flakes

@ Solid-fuel fragments

Space debris



Current debris population

@ There are about 18 000 objects larger than 10 cm
TLE Catalogue

@ About 350000 objects larger than 1 cm
@ More than 3 x 102 objects larger than 1 mm

Catalogued objects (NASA)
@ 6 % Operational spacecrafts
@ 24% Non-operational spacecrafts
@ 17% Upper stages of rockets
@ 13% Mission related debris
@ 40% Debris mostly generated by explosions & collisions
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Computer generated images

Figure: LEO image Figure: GEO image



LEO-MEO-GEO

resonance between the
orbital period of the satellite
and the rotation of the Earth
= gravitational resonance
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Rossi et al (2005)
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Rossi et al., Proceedings of the IAU Colloquium, No. 197, 2005 and MASTER 2009
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Problematic situation

Size (r) Characteristics Protection

cumulative effects
r<0.01cm surface erosion not necessary

significant damages

0.01<r<1cm perforation

armor plating 170 000 000 objects

1<r<10cm important damages no solution 670 000 objects

catastrophic events

Sl catalogued (TLE)

manoeuvres < 20 000 objects
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Analogy with natural bodies

Natural

Artificial

existing orbits

chosen orbits

no control

control

long times

short times

model and
observations

huge numerical
integrations

stability

precision
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Natural cleaning

Long term dynamics

300 km 1 month

400 km 1 year

500 km 10 years

700 km 50 years

900 km 1 century

1200 km 1 millennium
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The forces for MEO and GEO
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First contribution : forces

Dynamics of a debris

= Keplerian orbit around the Earth

+ rotation of the Earth

+ shape of the Earth (geopotential - J2)

+ third body perturbations (Moon and Sun)

+ solar radiation pressure

+ shadowing effects

+ atmospheric drag (LEO) : cleaner

Space debris



The Hamiltonian formulation

Haeb(V,A\,r, 0) = Hiep(V,F) + Hrot(A) + Hgeo(r, 0') + Hab(r) + Hsrp(r)

A
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The geopotential

U(r):u/vp("’)dv, = Gms

Ir — rp
X = [rCcos¢ CcosA\ Xp = Ip COS ¢p COS \p
y = rcos¢sin) Yp = [Ip COS@p sinAp
z = rsing Z, = Ipsingp

o] n n
R . ,
ur,\, ¢) = —% ZO ZO (f) P (sin ¢)(Cpm COS MA+Spmsin m\)
n=0 m=
Re : the equatorial Earth’s radius

2 — Som (n— m)! N\ m
G = 2o [ () Pitsingg)cos (mag) () oV
Som = 2;/,::’" ELQI / < /;Z ) P (sin 6p) sin (MAp) p(rp) AV
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The geopotential

T 2MpR2 T 4Ms R2

Urae) = L4 3 <’je> PT(SIN 6) Jom COS M(A—Am)

r r
n=2 m=0
Cnm — —Jnm COS (m)\nm)
Snm — *Jnm S|n (m)\nm)

Jm = \/ CI?)m + S%m

MApm = arctan<_8"m>.
_Cnm
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The geopotential: Kaula formulation

[e's] n n —+o0

U= _%_Z YN g (Re> Frmp(i) Gnpq(€) Snmpq(2,w, M, 0)

a
n=2 m=0 p:O q=—0o0

C
Sompa(2,w, M, 0) = {fS::

:| n—meven

COS Opmpg(2,w, M, 0)

n—modd

N |: +Snm :| n—meven

—‘,—Cnm Sln enmpq(Q,w, M,@)

n—modd

Kaula gravitational argument, ¢ the sidereal time :

©nmpq(Q,w,M,0) = (n—-2p)w + (Nn—2p+ q) M+ m(Q2 — 0)
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The luni-solar perturbations

The acceleration :

; ( r—r; N r; )
"\Jr=rnil®  |n?

The potential (i=1 for the Sun, i=2 for the Moon):

1 (r. r,->>
Ri = uj — .
aa <Hr— RNLE

(Y
Ri="% > <r> Pn(cosy)

n>2 !

r; the geocentric distance
1 the geocentric angle between the third body and the satellite
‘Pn the Legendre polynomial of degree n.

Space debris



The luni-solar perturbations

@ The three components (x, y, z) of the position vector r
expressed in Keplerian elements (a, e,i,Q,w, f)

@ The Cartesian coordinates X;, Y; and Z; of the unit vector
pointing towards the third body.

@ Usual developments of f and £ in series of e, siné and M

N\ 1+2)3
_H o
’§: > < ) AL (XY, Z) el <&n2> cos

n=2 k,|.ji,j2.J3

P=jA+pw+pR A=M+w+Q, w=w+M
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Poincaré variables

Delaunay canonical momenta associated with A\, w and Q :

L=\/ua, G=+/pa(l—ée?), H=/pa(1l— ¢e?) cosi

Non singular Delaunay elements, keeping L and \ :

P=L-G p=-w-—Q
Q=G-H qg=-Q

Poincaré variables :

X1 = V2P sinp X4 = V2P cosp
X = V2Q sing X5 = V2Q cos q
X3:/\:M—|—Q—|—w X6:L
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Dimensionless Poincaré variables

[2P 12Q

1
U2 2 1 3 1 5 7

1
i T 1., 3 ., .
23|n2_V[1—2} =Vt g VU + o5 WU+ O(UF)

Non canonical dimensionless cartesian coordinates

& =Usinp n = Ucosp
& = Vsing no = V cosq
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Hamiltonian

Nmax
Mo = gt n 3 RS
n=2
MZ Nmax 1 (n »
- 7ﬁ At Z 12n+2 ZA (&1, m1, &2, m2) B;7(A, 0)

2 nmax j2n Np

+ n+1ZC )1, 1, €25 M2, Xiy Vs ) D '7)(/\)

i=1 n=2 ' j=1

Dynamical system
: 10H 10H .
=T M=y =12
) OH . OH
N= e = = Z 21 a_mnl L= —5
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Semi-analytical averaged method

Coefficient

) 0.12386619D-04
-0.18579928D-04
) 0.46449822D-05

@ Use of a series manipulator
N6 & m & m L X Y Z 1 Xo Yo Z o)
cos (0 0) o 0 0 0 -6 0 0 0 0 0 0 0 0
cos (0 0) o 0 0 2 -6 0 0 0 0 0 0 0 0)
cos (0 0) o 0 0 4 -6 0 0 0 0 0 0 0 0
@ Averaging process over the fast variable : A

Semi-analytical averaged solution
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Number of terms

Perturbation Number of terms

n-order expansion

5“ g ze'nZW|th/1+/2+f3+i4§n n=2 n=4 n=6 n=8

Geopotential

H Jy 5 15 31 53
(33) (145) (410) (895)

External Body - Sun & Moon

up to degree 2 27 86 197 390
(205) (836) (2374) (5480)

up to degree 3 73 250 611 1227

(645) (2642) (7854) (18380)

See also STELA (Deleflie - CNRS)
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The geopotential: Kaula formulation

[e's] n n —+o0

U= _%_Z YN g (Re> Frmp(i) Gnpq(€) Snmpq(2,w, M, 0)

a
n=2 m=0 p:O q=—0o0

C
Sompa(2,w, M, 0) = {fS::

:| n—meven

COS Opmpg(2,w, M, 0)

n—modd

N |: +Snm :| n—meven

—‘,—Cnm Sln enmpq(Q,w, M,@)

n—modd

Kaula gravitational argument, ¢ the sidereal time :

©nmpq(Q,w,M,0) = (n—-2p)w + (Nn—2p+ q) M+ m(Q2 — 0)
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Gravitational resonances : resonances with the Earth
rotation

Pe _ o
Pobj g2

P, : Earth’s rotational period : 27/ng = 1 day (ng = )
Po; : body orbital period : 27r/n = Py day (n = M)

1/1 for GEO and 2/1 for MEO

O nmpq(,w, M, 0) = (n—2p)w+ (n—2p+q) M+ m(Q2 — 0)
Onmpg(Q, @, M, 8) = (n—2p) i+ (n—2p+q) M+m(Q—6) ~ 0
g=0: s

Resonant Hamiltonian # ,,

Space debris



Geostationary model of resonance

@ Cartesian Hamiltonian coordinates for e, i, @, Q : & and 7;
© H =Hy, (&1,m1, 2,12, A, L, 0) + O A

@ Resonantangle:oc=X—-90

@ Corrected momentum : L' =L, 0 =0, N=AN+L
® H="Hy, (&,m,6,m2,0,L',0) +60 (N - L)

Resonant averaging
HJ22 (61 M, £27 n2, L7 /\7 07 )‘)

HJ22 (61 I 771 ) 527 7727 Ll: /\,7 9/7 U)

ﬁt}22 (51 ) 77]1 ) 527 77,27 [/7 /_\/7 ) 5-)
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Resonant averaged hamiltonian

Perturbation Number of terms

n»_ord_er gxp_ansion

€l n2e3nd withis +ip +i3 +ig <n n=2 n=4 n=6 n=8

Resonant disturbing function

Hupy = Heyy +Hsy, 10 40 104 206
(94) (468) (1392) (3178)

o 0 I3 71 [ 72 L X Y 4 r Xo Yo Zo o Coefficient
cos(2 0) 0 0 0 0 -6 0 0 0 0 0 0 0 0) 0.1077767255D-06
cos(2 0) 0 0 0 0 -6 0 0 0 0 0 0 0 0) 0.1080907167D-06

sin(2 0) 0 0 0 0 -6 0 0 0 0 0 0 0 0) -0.6204881922D-07
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Simple resonant model

® H(L,o,A) = — L5 + 6(A — L) + 75 [a1 €082 + ap sin20]
® a1 ~01077 x 1078, ap~ —0.6204 x 10~7

e Equilibria: 2t =0 = 9%
@ Two stable equmbrla (071, L54), (075, L35)

@ Two unstable equilibria (034, L34), (035, L5,) are found to

op = A" UTzzA*JFg
™ s

@ [j, = L3, =0.99999971, L3, = L3, = 1.00000029,
@ L =1 corresponds to 42 164 km.
@ \* ~75.07°
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Resonant phase space
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Resonant period

@ x =+/2Lcoso, y = v/2Lsino and consequently x*, y*.
@ Taylor series around (x*, y*)

o X=(x-x), Y=(y-y)

® H*(X,Y,N)=0N+ }(aX?+2bXY +cY?) +---

@ Rotation : x= pcos¥v+gsinvand Y =—psinV¥ + g cos¥

@ Choice of ¥ : (a—c¢)sin2¥ + 2bcos2V =0

® H*(p,q,N)=0A+1[Ap? + Cq?

@ Scaling: p=ap andg=1q by Ac® = c

?s
® H(J,p,A)=0A++ACJ
@ Action-angle (J,¢) : p' = v2Jcos¢, q =+/2Jcose.
o vy =9 = \/AC = 7.674 x 1073/d, period of 818.7 days.
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Resonant motion
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Fig. 6. Semi-major axis a [left] and resonant angle o = X — 6 [right] of several
geosynchronous space debris [ag = 42164 km, ey = 0, {9 = 0] the initial longitude
of which are Ao = 5°,35°, 75°.
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Resonant motion
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Fig. 7. Libration periods of 32 virtual space debris the initial longitude ¢ of which
varied from 0 to 2.
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Width of the resonant zone

@ Hamiltonian level curve corresponding to one of the
unstable equilibria L, and o,

2
7 . 1 .
H(Ly,ou,N) = ~op2 +O0(N—L)+ 6 [y cOS20 + ap SiN20]
@ Maxima and minima of this “banana curve”, corresponding
to the stable equilibria

@ Quadratic approximation about L, : the width A of the
resonant zone

2 2 2
A= +285B 5= /j‘:_gi y=E _
B L8 cos 20, 214 L3

@ The numerical value is of the order of 69 km.
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Generalization

@ Similar approach : Rossi on MEO (resonance 2:1) CM&DA

@ Paper of Celletti and Gales : On the Dynamics of Space
Debris: 1:1 and 2:1 Resonances (JNS) 2014

@ Very complete paper :

Celest Mech Dyn Astr (2015) 123:203-222 @ CrossMark
DOI 10.1007/510569-015-9636-1

ORIGINAL ARTICLE

Dynamical investigation of minor resonances for space
debris

Alessandra Celletti! - Citiilin Gales?

Space debris



Resonant motion

Table 2 Value of the semimajor

axis corresponding to several jit a (km) jit a (km)

resonances 1:1 42164.2 43 34805.8
2:1 26561.8 5:1 14419.9
3:1 20270.4 5:2 22890.2
3:2 32177.3 5:3 29994.7
4:1 16732.9 5:4 36336

Space debris



Resonant motion

Table 3 Terms whose sum
provides the expression of

res jil
Rearth

up to the order N

j: N Terms

3:1 4 73302, T3310. 73322, 7431-1. Taz21

3:2 4 T330-1, T3311, 7a30-2. Ta310, Ta322

4:1 6 Taai-1, Taa21, Tsa1-2. T5420, T5432, Tear-1. Toa3i
4:3 5 74401, Taa11, T540-2, Ts4105 T5422

5:1 6 Ts51-2. T5520. T5532: Z6s2-1- Z6531

5:2 6 Tss1-1, T5521, Tes1-2+ Z6520- T6532

5:3 6 T550-2> T5510- T5522- Z651-1- T6521

5:4 6 T550-1- Tss11- Z650-2: Z6510- Z6522

Space debris



Resonant motion

Fig. 2 The amplitude of the
resonances for different values of
the eccentricity (within 0 and 0.5
on the x axis) and the inclination
(within 0° and 90° on the y axis)
for w = 0°, 2 = 0°; the color
bar provides the measure of the
amplitude in kilometers. In order
from top left to bottom right: 3:1,
3:2,4:1,4:3,5:1,5:2,5:3,5:4
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Solar Radiation pressure

@ Solar radiation pressure is a quite complicated force with
different components

@ Theory of Orbit determination : Milani and Gronchi - ch 14

@ New solar Radiation Pressure Force Model for navigation :
McMahon and Scheeres - 2010

@ Direct radiation pressure acceleration
@ Starting point : simplified models

Space debris



Solar Radiation pressure with high A/M

Scheeres and Rosengren : Averaged model, based on e and

angular momentum
Long-term Dynamics of HAMR Objects in HEO

Aaron Rosengren,’ Daniel Scheeres’
University of Colorado at Boulder, Boulder, CO 80309

Gachet, Celletti, Pucacco, Efthymiopoulos : Complete
perturbation theory with planetary motion

Celest Mech Dyn Astr (2017) 128:149-181 @ CrossMark
DOI 10.1007/s10569-016-9746-4

ORIGINAL ARTICLE

Geostationary secular dynamics revisited: application
to high area-to-mass ratio objects

Fabien Gachet!© - Alessandra Celletti! -
Giuseppe Pucacco® - Christos Efthymiopoulos®
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Direct radiation pressure acceleration

The acceleration due to the direct radiation pressure can be
written in the form:

% rA r—re

ap = Cr Py r—r mlr—rs|’
© ©

@ C; is the non-dimensional reflectivity coefficient
(0 < Cr<2),

@ P, =456-10"% N/m? is the radiation pressure per unit of
mass for an object located at a distance of ap, = 1 AU,

@ ris the geocentric position of the space debris; r., is the
geocentric position of the Sun,

@ Ais the exposed area to the Sun of the space debris,

@ mis the mass of the space debris.

Non-gravitational influence

Space debris



Perturbations & A/m distribution

A/m distribution

w B L

Frequency
N

[] 2 4 6 8 10 12 14 16 18 20 22 24 26 28
Area to Mass Ratio [m2/kg]

Object A/mm? /kg

Lageos 1and2 0.0007
Starlette 0.001
GPS (Block II) 0.02
Moon 1.3.1010

Space debris 0<A/m<?




GEO debris with very high eccentricity

Eccentricity

0.8

0.7 -

0.6 .:"" ~ e
] *

05 ] *, 0‘/"../
] [UCT: 298] \CT 31—

0.4 1

0.3 1 + correlated

0.2 ] o o uncorrelated
q vapo = 15"/s

0.1 - vapo = 5"/s —
] ——vapo = 30"/s

0 — T —

0 1 3 4 5

Schildknecht et al, 2010

Mean Motion AIUB6
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Order of magnitude of radiation pressure

Acceleration [km/sz]

Chao 2009

1010

1012

101

Order of magnitude of the perturbations

— |
L J2 i

Alm 40 mPlkg

Alm 10 m?/kg
,,,,,,,,,,,,,, Alm 1 mP/kg m|
. \]22 4

A/m 0.01 m“/kg
J3

. \

. ]

Jupiter

1 1 1 1 1 1 1 1
10000 15000 20000 25000 30000 35000 40000 45000 50000
Distance ftom the Earth's center [km]
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Hamiltonian formulation

H (V7 r) = erpl (Va I‘) + Hsrp (I‘)

fixed inertial equatorial geocentric frame

r = geocentric position of the satellite
v = velocity of the satellite
Hrept (V,¥) = attraction of the Earth
Hsrp (F) = direct solar radiation pressure potential
"
Hiepl = ~—5— — 70
* 2l
1 A
- - C— P &
oo = ~Crp—e Mm%

= GMz, C, ~ 1, r, position of the Sun, P, = 4.56 x 107 N/m?,
A/m area-to-mass ratio, a; = 1 AU.
Polynémes de Legendre : first order
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The toy model

2
I A
=32 + CrPr— rr@ cos(¢)
¢ the angle betweenrandr,, L= \/;Ta, To=2.
©? A

= H(L, G, H, M7W7Q7r@)

Debris orbital motion : u=cosE—e and v =sinE v1— &2
Debris orbit orientation and Sun orbital motion :

§ = {ro1+&Top+8T03

n = Mmloir+n2le2+n3re3s
13 = €0sQ cosw — sinQ cosi sinw 7 = —cosQ sinw —sinQ cosi cosw
€ = sinQ cosw +cosQ cosi sinw M2 = —sinQ sinw +cos cosi cosw
&3 = sinj sinw n3 = sinj cosw

Space debris



Averaging over the short periods : 1 day

Periods : 1 day (Orbital motion E) and 1 year (Sun 7, ;)
Averaging over the fast variable (M the mean anomaly) :

H = — HdM

_ 2 3 ATL?_
H - *MTZ**CrPrfieg
o[° 2 m
= H(L,GH,—,©,Qr)

Space debris



The development

2 2
g M 3 AL
H=—pm G P et
Poincaré variables :
p = —w P = L-G
g = -Q Q = G-H
Xy = V2P sinp y1 = /2P cosp
X2 = +/2Q sing ¥ = /2Q cosq

Approximations : e ~ ,/2F, cos? £ =1 — &, sin
Circular orbit for the Sun (obliquity ¢)

o1 = COSAg
Io2 = sSinAgCoSe
o3 = sinAgsine

with )\@ = n@t+ )\@70.

Space debris



The truncated Hamiltonian in e and i

X
I

H(X1, Y1, X2, Y2, Ao)

~ —No KTe1 (X1 Re 4y By)
Ne k To2 (X1 A3 + y1 R2)
Ne K To3 (X1 As — y1 Ra)

+ o+

k=13 SC P A - f
Ri(x2, y») are second degree polynomials in xo and y».
Dynamical system associated :

Y — OH Y — _OH
T m AR
Xo Yo Y2 = — 9%

Space debris



The eccentricity - pericenter motion : x; and y;

).(1 = —NpkK 7’@71
Yi = —NokTop
Solution explicitly given by

X;1 = —k sin\g + Cx = —k(sinAg — Dx)
Y1 = K COSAy cose+C, = k(CcosSAy cose+ D).

e and w : a periodic motion (1 year)
K increases, emax inCcreases

Explanation of the behavior of GEO space debris (high €)

Space debris



The eccentricity - pericenter motion : 1 year

A/m=5nm?/kg A/m—=10m?/kg A/m=20m?/kg

0.4 T T T T . T LI T

08 T
Q0 :
£ i L P F i
c 02 : i : B : SN H PN 7
Q H 7 N B : K A H / R H / R
(&)
La I vl . L : ; L H ) [

015 | / Vi Vi viob S i i

01 i/

0.05 [/

0

L I I H I I : I 1
0 200 400 600 800 1000 1200 1400 1600
Time [days]
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The inclination - node motion : x> and y»

H=H(x1(Mo), ¥1(Xa), Ri(x2, ¥2), \a)

Averaged equations over )\ : system of mean linear equations

X2 = vya—p
Yo = —vXe
V=N K2 COSE 5, p:n@nzsinezj—ﬁ
. Xo = Asiny
Solution : < _
y» = Acosy — £ = Acost —tanev/L
Y =vit+1g

i and Q : a periodic motion (dozens of years) with imax ~ 2¢
k increases, v increases and the period decreases.

Space debris



The inclination - node motion : dozens of years

A/m:5m2/kg A/m=10m?/kg A/m =20 m?/kg A/m:40m2/kg

50 T T

Inclination [degree]

‘
10 20 30 . 40 50
Time [years]

Space debris

W
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The inclination and eccentricity combined motion

Back to the averaging process
K = Ho(x1(Xe), ¥1(Xe), Ri(X2, ¥2), Aa) + Nol\e
= }CO(X27YZ1/\®)+’C1 (X2ay27)‘®)
= no Ao — ng K fo(x2, y2) — ne K2 fi (X2, ¥2, \o0)
fo(X2,¥2) = %(Fﬁ cose+ R3cose + Rssine)
fi(x2, Y2, 0) = @1 COSAg + go SiNAg + g3 COS2)Ag + g4 SiN2)g
with gi = g,'(Xg,yz) and R,' = R,'(Xg,yg).

The homological equation : | Hy = Hq + {Ho; W} = Hy — 51 5V

1 . 1
W = —r? (g4 sin\g — go COS A\ + > g3 Sin2)\g — > g4 COS2)\p)

4% _ ow
X2 = X2+7(>\®) Yo = }/2—87)(2()\@)
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The Earth umbra

Debris orbit

Shadow
entrance-.

Reference
direction
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The shadow equation

Simple geometrical problem : cylinder " ellipse

cylinder : axis in the Sun direction
ellipse : debris orbit

solf) = 0 4 y/r2— 2

o]

0 inside Earth’s shadows

<
> 0 outside Earth’s shadows
= 0 entry and exit

4th degree polynomial in tan g solved by Cardan formula

E; entry eccentric anomaly = E¢(a, e,i,w,Q,Ts)
E, exit eccentric anomaly = Ex(a, e, i,w,Q,Tg)

Space debris



The toy model with shadow

24— _LQ N C: P, % rre cos(¢) outside Earth’s shadows
212 0 inside Earth’s shadows
¢ the angle betweenrandrg,, L=.,/ua

fo)

) r@/:ao.

e A N C-P-Aa(ué+vn) outside Earth's shadows
o212 o inside Earth’s shadows

Debris orbital motion: u=cosE—e and v =sinE m.
Debris orbit orientation and Sun orbital motion :

§ = &1+ TIop+8 703
n = mrlfogtmnlfo2tmnres
131

&3

cosQ cosw — sinQ cosi sinw
sinQ cosw +cosQ cosi sinw
sini sinw

Uil
2
3

—cosQ sinw — sinQ cosi cosw
—sinQ sinw 4 cosQ cosi cosw
sini cos w
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Averaging over the short periods : 1 day with shadow

Periods : 1 day (Orbital motion E) and 1 year (Sun 7, ;)
Averaging over the fast variable (M the mean anomaly) :

. 1 27
H = — H dM
27T 0
_
2l
1 A M, 2w
+ Z—C,P,—a / (uE+vn)dM + (u&+vn)dm
i m 0 Mo

dM=(1—-ecosE)dE, Mi1=E —esinE, M2=E,—esinkE,.
Aksnes 1976
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The averaged Hamiltonian with shadow

— 2 3 AL _ 1 AL
- ﬂo(i,é, P, —,w, ﬁ, ?@) +ﬁ1 (Z, G,ﬁ, —,w,ﬁ,?(a)
= H(D=0)+H¢(D)
L 2 S . D 3_

A = 2(1+e)cos§ sm2+2eD+§ cos S sin D
B = \/1—52(—2sini23sinnggsinSsinD)

S Ei+ E

D == E2 - E1 == D(Zéﬁ - 5767?(.))
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The perturbed problem : with the shadows

H:H(L7 Pa Ov/\7p7q) = H:ﬁ(z’ﬁaav_’ﬁva)
At first order :

: = OH OH
<P>=PFP = o —<8—p>
Che_ B - on <87-L>
p==Fr = 5B oP
- = OH OH
<Q>=Q = g —<a—q>
CHs_F - on <87-L>
=9 = 55 ° oQ

but not for L or a.
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Very long periodic motion of the semi-major axis

OH 1 (%" 9N

<L> = <8W>:Z A a—MdM
1| 5o 2T oM
_ %[/0 i (1~ ecosE)OE+ | S (1~ ecos ) oF

1 _[= S - D
J— _ - 1 — ™ _ 2 e H
= = C: P a{g sin 2 nV1—@ cosz] sin

: _ 2 Al . S - S D
—g73/2_<= 2 inS _ma/1 82 Pl ein 2
<a>=a wﬁC'P’ [gsmz nv1-—e cosz] sm2
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Synchronism between a and E, — E;

A/m = 25 m? /kg - period ~ 1200 years - Aa ~ 600 km

Semi-major axis [km]

4.15
0 2000 4000 6000 8000 10000
Time [yr]
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Very long period decreasing with the coefficient A/m

Period [years]

20
a, [kml Am [m2kg]
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Comparisons

Coefficient A/m = 5 m?/kg - period ~ 13000 years

Numerical integration of the simplified system with shadow / without shadow

—— Shadow
—— No shadow
L L
0 0.5 1 1.5 2 25
Time [1 o* yr]

Symplectic numerical integration with shadow / Simplified system with shadow

x10*

4.225
S
=3
o 422
4.215
0 05 1 15 2 25
Time [yr] X 10"

Space debris



Order of magnitude of radiation pressure

Order of magnitude of the perturbations

102 — T T T T T T
W
—
10-4 . 3
100 | J2 4
Alm 40 mP/kg
< Alm 10 m?/kg
H 108 5 J
= I Alm 1 m?/k
$
3
% 10t b J22 ]
g AIm 0.01 m?/kg
3
1072 1 ¢ o
104 /’/_T— ,
-16

1 1 1 1 1 1 1 1
10000 15000 20000 25000 30000 35000 40000 45000 50000
Distance ftom the Earth’s center [km]
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Other perturbations

Hy(f) = £y (%)2/32 (Sin ¢sat)
a6 )

where ¢sat represents the latitude of the satellite, and
consequently sin ¢sar = z/r.

| SRP second order |

Az 1

m~ ||F — 75|

AL,/ r\"
~ —C,P,Eaé <a®> Pn(cos ¢)

n=1

HSRP(F7F®) = —CrPr

Space debris



| Third body : Sun on a circular orbit |

s
= Mo =
F—Troll 17112

e <r) Pa(cos ¢) + o 22 99%(%)
n>0 4o

Haps(F, 7o) = —po T

12

aop a%

~ Moy (;)2 Pa(cos 9)).

ao )
where o = GM; with M the mass of the Sun.

Third body : Moon on a circular orbit |

Hoom(F Ty ) = +Z< ) Pa(cos éu))

n>2

where g = GM¢ with M@ the mass of the Moon, and ¢y the
angle between the satellite and the Moon
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The Sun contributions

Hsrp(7,
~ Hsgp, (F, I

~ C/P, o ao rcos(¢)
H r\?
+ [CrPrmaQ - G} <a> P>(cos ¢)
Averaging over daily period :

ﬁkep/er + ﬁJg(X1 Y1, X2, ¥2)
Hsgp, (X1, Y1, X2, Y2, 1)
Hspp,13bs(X1, Y1, X2, Y2, T)
Hapm (X1, Y1, X2, Y2, T )

Space debris
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Averaging results

_ C C
Hy = CpP+CqQ=220¢ +5)+ 5(¢ +5)

2
— 3 A
H = ——CP-—ae
SRP; ™ 3
— A ji%0) 332
H - —|opla, —Ho| 2 y2
SRP,+3bS [ rFrsdo a@} 422
3a° ,
= Pz
a
2
o) pe 3& o
Haom = W
3bM a 42 m
W= —sing sinir,—cosq sinir,,-+Ccosir,s
wy = —sing sinirg 1 —cosq sinirfg »+CoSirg 3
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Short periodic motion

: Kepler + J2 + SRP1

X1(t)
210

r2
Co=3,/5b5

ksin(not+ Xg0)

—Coy1 —ne K1y,
Coxy —ng K rg 2,

Cx +

Cy +

kcos(not+ Mg )

1 el [n cose+ 1],

T2 [cose+ 1],
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Long periodic motion

) X1 X: —2X X: X1
Xo(t) = Cqyo — nNok [r@1( ;Lz) ro2( 2L1y2 —|—y;L2)—r®’3(ﬁ‘

OHsmp,13bs  OHapum
y2 Yy

Yo(t) = —Cgxo+nok [f@,1(

—2X)1 | XiYe, Ny, _
2L + 2L ) r@,Z( 2L ) r®,3(

OHsrp,y3bs  OHapm
OXo 0Xo '

Averaging over the motion of the Sun and of the Moon
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Xo(t) = djyy>+ds,

Yo(t) = —db Xz,

k? C
d; = HQHCOS€+?q—5—5COSZG—’V—’)/COSZEM,

k? Cq 2 2
o = n@ﬂcoswr?—za COS“ e — 2 v COS” ey,

k2

05 = —No —— sine+26 VL sin?e+2~ VL sin®ey,
3 ° 5UL Y M

2 p

where § = 3 1635% andfy:—% 163;%.

We write the corresponding solution for x»(t) and y»(t):

x(t) = D sin mt—w),

yz(t) = — COS \/ didb t— —Z
|
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Eccentricity and inclination motions

Introduction of J>, Sun and Moon in the description (Casanova)
0.7 ,

A/m = 20 (32 SRP Sun) ———

A/m = 20 (J2 SRP Sun Moon) ———
A/m = 1 (J2 SRP Sun)

06 [ A/m = 1 (J2 SRP Sun Moon) ——— |

Inclination [rad]

Time [year]
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Inclination

motion

period (years)

200

150

100

40 45 50 SRP
SRP + J,
SRP + Jo + Sun
SRP + Jo + Sun + Moon
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Inclination motion : results

A/M = 20 m?/kg - period too long for SPR - efficient formulae

=

Time (year) Time [year]

(a) (b)
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