
Integration of 1/δh

We describe the explicitly computation of the integral of 1/δh over

T2 = {(`′, `) : −π ≤ `′ ≤ π,−π ≤ ` ≤ π},

assuming that (`′h, `h) is an internal point of this domain. First, we move the point (`′h, `h),
corresponding to the local minimum value dh, into the origin of the reference system by the
variable change

σh : T2 3 (`′, `) 7→ (`′ − `′h, `− `h) =: κ = (k′, k) ∈ T2 (1)

where we set T2
= σh

(
T2
)
. The matrix

T =


1

ρ1
− ρ2
ρ1ρ4

0
1

ρ4

 , with ρ1 = |τ ′|, ρ2 = −
〈τ ′, τ〉
|τ ′|

, ρ4 =

√
det(Ah)

|τ ′|
, (2)

is such that
T tAhT = I2 . (3)

Then, the following coordinate change

R : κ 7→ ψ = Rκ , with R = T −1 =

[
ρ1 ρ2

0 ρ4

]
, (4)

brings δ2h ◦ σ
−1
h into the form

δ2h ◦ σ−1h ◦R
−1(ψ) = y′2 + y2 + d2h , ψ = (y′, y) (5)

and transforms the domain T2 into a parallelogram with two sides parallel to the y axis (see
Figure 1).
Using the variable changes (1), (4) and the polar coordinates map P, with inverse

P−1 : (r, θ) 7→ (y1, y2) = (r cos θ, r sin θ)
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Figure 1: Description of the transformations of the integration domain T2 with the two coordinate
changes (1), (4).
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Figure 2: Decomposition of the domain of integration R[T2
] to compute the integral of 1/δh over

T2 using polar coordinate.

we obtain∫
T2

1

δh
d`′ d` =

1√
det(Ah)

∫
R[T2

]

1√
y′2 + y2 + d2h

dy′ dy =
1√

det(Ah)

∫
Dh

r√
r2 + d2h

dr dθ (6)

where R−1
[
P−1 (Dh)

]
= T2. Then, we decompose the domain D into four parts

T =
4⋃
j=1

{
(r, θ) ∈ R2 : θj ≤ θ ≤ θj+1 and 0 ≤ r ≤ rj(θ)

}
where rj(θ), with j = 1 . . . 4, represent the lines rj delimiting R[T2

] (see Figure 2) and in polar
coordinates are given by

r1(θ) =
ρ1ρ4(π − `′h)

ρ4 cos θ − ρ2 sin θ
, r2(θ) =

ρ4(π − `h)
sin θ

,

r3(θ) =
−ρ1ρ4(π + `′h)

ρ4 cos θ − ρ2 sin θ
, r4(θ) =

−ρ4(π + `h)

sin θ
.

While θ1 = θ5−2π and θj+1 are the counter-clockwise angles between the y′-axis and the vertexes
vl seen from the origin of the axes (see Figure 2):

0 < θ2 < θ3 < π < θ4 < θ5 < 2π .

Moreover, the following relations hold for these angles:

tan θ2 =
ρ4(π − `h)

ρ1(π − `′h) + ρ2(π − `h)
, tan θ3 =

−ρ4(π − `h)
ρ1(π + `′h)− ρ2(π − `h)

,

tan θ4 =
ρ4(π + `h)

ρ1(π + `′h) + ρ2(π + `h)
, tan θ5 =

−ρ4(π + `h)

ρ1(π − `′h)− ρ2(π + `h)
.

Integrating in the r variable we obtain∫
T2

1

δh
d`′ d` =

1√
det(Ah)

·
{ 4∑
j=1

∫ θj+1

θj

√
d2h + r2j (θ) dθ − 2πdh

}
. (7)

Note that the integrals in the right hand side of (7) are differentiable functions of the orbital
elements.


