
  











































38 CHAPTER 2. PERTURBATION THEORY

The third D’Alembert rule for the terms containing the mean longitudes is based on the def-
inition of order of resonance, which is just |j| =

∑

i ji (note that it can be assumed to be
positive, given that the argument appears in a cosine term). Then |f | =

∑N+1
i=1 k2i must be

even by (2.46) and |g| =
∑N+1

i=1 k2i−1 is such that |j|+ |f | = −|g|. From this we can deduce that
the monomials in hi, ki, pi, qi have at least degree |j| when appearing as factors of cos(j · λ).
There are even more strict rules, that is the argument ki!i cannot appear without e

ki
i in front

of the cosine, the same with hiΩi and tanhi(Ii/2).

Thus, as the simplest example, the terms corresponding to a 2/1 resonance between the asteroid
and planet i of the lowest degree contain a factor either e cos(λ−2λi+!) or ei cos(λ−2λi+!i);
the nodes Ω,Ωi are not allowed to appear alone, thus there is no term containing the first powers
of I, Ii. (Here we are using a notation in which the index N + 1 is dropped, and the elements
without indexes are those of the asteroid).

Decomposition of the perturbation in 2-body portions

One additional rule on the terms occurring in the expansion of H1 depends upon the superpo-
sition principle for the gravitational forces, which implies the gravitational potential is just a
sum of 2-body terms. Given the particular form assumed by the indirect perturbation function
in the case of Heliocentric canonical coordinates, see (1.51), the same applies to the indirect
portion of H1. Then the terms contained in H1 are all of the form

H1jijrfifrgigr(Λi,Λr, Vi, Vr, Zi, Zr) cos (jiλi + jrλr + fi!i + fr!r + giΩi + grΩr)

where 1 ≤ i < r ≤ N +1 are the two bodies whose interaction is considered (note that this rule
applies not just to U1 but also to T1). It follows that there cannot be terms corresponding to 3-
body resonances, with jiλi+jrλr+jvλv in the argument, in the first order Hamiltonian H1, and
because of the homological equation such terms cannot arise in the first order perturbations.
But of course at the second order in ε such terms with three mean longitudes can appear, as a
result of Poisson brackets between terms with two longitudes.

[Why so many secular terms of degree 4 with frequencies from 2 planets occur in the secular
terms of our own theory? There are even terms with fundamental frequencies from 3 planets.]

2.9 Mean elements and mean semimajor axis

The mean elements could be defined by a canonical transformation; e.g., by using the non-
singular action-angle variables, a canonical map

Ψ : (Λ,V,Z,λ,v, z) #→ (Λ′,V′,Z′,λ′,v′, z′)

such that
H ◦Ψ−1(Λ′,V′,Z′,λ′,v′, z′) = H ′(Λ′,V′,Z′,v′, z′) +O(ε2)

would define mean elements to order 1. Because the new Hamilton function H ′ does not contain
the fast variables λ′, the evolution in time of the mean elements would not contain, at order
















































































































































2.9. MEAN ELEMENTS AND MEAN SEMIMAJOR AXIS 39

1 in ε, any short periodic perturbation resulting from terms with mean longitudes (that is,
containing mean anomalies).

The question is whether this could be defined by a Lie series. This question has two different
answers depending upon the context.

If the idea was to achieve a total removal of the short periodic terms, containing combination
of mean longitudes j ·λ′ for all values of |j|, then the corresponding Lie series needs to have an
infinite number of terms for each order and the problem would be whether the series converge,
both as Fourier series for each order and as a power series in ε. As we will discuss later,
this would not be the case unless the original problem is integrable, that is admitting a set of
canonical action-angle variables.

If the idea was to remove all the terms whose size, as estimated from D’Alembert third rule, is
below an assigned order of magnitude, then a series expansion for χ containing a finite number
of terms would be needed. A classical way to do this is to assume that there is an integer r
such that O(eri ) = O(sinr Ii) = O(ε); e.g., for low e, I we can assume r = 2, for example

ε e2 cos(λ− 3λi + 2!) = O(ε2) , ε e2 sin2 I cos(2! − 2Ω) = O(ε3) .

This assumption is often used by the classical authors in panetary dynamics. However, ε &
µ5/µ0 & 10−3, thus e <

√
ε & 0.03 is appropriate only for a small portion of the asteroid belt.

Thus [Milani and Knežević, 1990] use implicitly r = 4 and select all the terms in the perturbing
Hamiltonian H1 with order of resonance ≤ 4 for the direct portion UDIR and ≤ 3 for the indirect
portion UIND. Thus for each couple of mutually perturbing bodies they compute 189 direct
and 62 indirect terms13. They perform these computations in Delaunay variables, and limited
to order 1 in ε, that is they use only a determining function ε χ1 expanded as in (2.37).

With this limited accuracy approach (see Section 9.1), and with the methods of expansion
discussed in Chapter 3, we can explicitly compute a finite number of coefficients χ1j,k(L,Θ) for
values of the action variables corresponding to the ordinary instantaneous14 orbital elements.
Then the transformed mean elements are computed as in (2.11), note the + sign in the first
order term 15:

L′ = L+ ε {L,χ1} = L− ε
∂χ1

∂"

Θ′ = Θ+ ε {Θ,χ1} = Θ− ε
∂χ1

∂θ

θ′ = θ + ε {θ,χ1} = θ + ε
∂χ1

∂Θ
,

where by χ1 we indicate just the sum of the finite number of terms which are available from
the theory. Then the new Hamilton function in the space of the mean elements is H ′ =
H0+ε [H1 − {Ho,χ1}] from which the “large” short periodic terms, containing the fast variables
"′, have been removed. Then it is possible to approximate the dynamics of the mean elements

13In Knežević (1993) the indirect part has been expanded to r = 4, to include 192 indirect terms. Some direct
terms were also added to end up with 197 of these in the final version of the theory.

14Usually called osculating, but this expression does not actually apply to heliocentric canonical elements.
15The + sign is due to the use of the direct map to compute mean elements from instantaneous ones.
















































































































































40 CHAPTER 2. PERTURBATION THEORY

by using (2.39) and the truncated Hamiltonian H ′ as a function of the mean elements

H ′ = H ′
0(L

′) + εH ′
1(L

′,Θ′, θ′) = H0(L
′) + εH1(L

′,Θ′, θ′) = (2.47)

= H0(L
′) + ε

∑

k

H10,k(L
′,Θ′) cos(k · θ′) , (2.48)

where the summation is limited again to a finite number of terms explicitly computed. This
method is conceptually simple (although the computation of the coefficients is far from trivial,
see Chapter 3), and provides mean elements which, at least in the simplified dynamics defined
by the Hamiltonian (2.48), have L′ as integrals. Thus the corresponding semimajor axes a′, a′i
are mean semimajor axes, integrals of an approximation of the N + 2 body problem, and
it is reasonable to assume that these quasi-integrals shall change slowly with time. In this
approach, it is not even necessary to compute the “mean mean anomalies” "′ because they are
not used in the following computations based upon mean elements.

2.10 Secular perturbations in semimajor axis

The simple, first order and truncated, method to compute mean elements of the previous section
is anyway a step in the right direction, and indeed for a large portion of the asteroid main belt
it leads to a useful approximation. However, it is clear that it contains many simplifications
and therefore can lead to poor approximations in some cases.

The main cause of these unsatisfactory results are mean motion resonances. Let us take as an
example the 2/1 mean motion resonance with Jupiter, with main H1 term

H2/1 =
µ5

µ0
g(a, a5) e cos(λ− 2λ5 +!) ,

where µ5/µ0 & 10−3 is the mass of Jupiter in solar masses, and g(a, a5) is a function of the
semimajor axes. By assuming e > e5 this term is larger than the similar one containing !5. In
Delaunay-like variables the argument of the trigonometric term is &−2&5+2(ω−ω5)+2(Ω−Ω5).
The corresponding term in ε χ1

χ2/1 =
µ5 g(a, a5) e

n− 2n5
sin(λ− 2λ5 +!) . (2.49)

Then the mean element Λ can be computed with the addition of a single selected second order
term by using a χ1 term computed as in eq. (2.38):

Λ′ = Λ− ε
∂χ1

∂λ
−

1

2

{

∂χ2/1

∂λ
,χ2/1

}

+ . . .

= Λ− ε
∂χ1

∂λ
−

1

2
µ2
5 e

2

{

g(a, a5)

n− 2n5
cos(λ− 2λ5 +!),

g(a, a5)

n− 2n5
sin(λ− 2λ5 +!)

}

+ . . . .

To compute the main portion of the Poisson bracket in the formula above we can neglect
the part containing derivatives with respect to e,! because they contain the denominator
(n − 2n5)2, while the portion containing derivatives with respect to Λ (that is a) has a much
smaller denominator (n− 2n5)3.
















































































































































2.10. SECULAR PERTURBATIONS IN SEMIMAJOR AXIS 41

We need to take into account that the important contribution to the order of magnitude of the
second order correction arises from the divisor n− 2n5: indeed, in the neighborhood of the 2/1
resonance it can be O(

√
ε). In computing the Poisson bracket of the formula above, the terms

with derivatives with respect to Λ and Λ contain the inverse cube of the divisor and either
sin2(λ− 2λ5 +!) or cos2(λ− 2λ5 +!). When averaging over the argumentwe we get secular
terms with mean 1/2, with amplitude enhanced by the inverse cube of a small quantity.

Figure 2.1: Energy of Uranus and Neptune over the 10 million years of the LONGSTOP 1A numerical
integration (performed in 1984).

We would like to discuss two examples of secular perturbations on the semimajor axes, which
remain in the mean elements after removing only the first order short periodic terms. The first
one is amplified by the near-resonance 2/1 of the mean motions of Uranus and Neptune. The
small divisor n7 − 2n8 is about 51 times smaller than n7, while µ8/µ0 = 4.4 × 10−5, thus the
small parameter

[

n7

n7 − 2n8

]3 [µ8

µ0

]2

& 2.5× 10−4

has to be multiplied by e27 with a mean value of 2.3× 10−3 and, by using a full computation of
the quantities appearing in the second order effect due to the main term, [Milani et al. 1987b]
have succeeded in predicting, although only approximately because of a simplified computation
with very few terms, the values of the corresponding spectral line with frequency g7− g8 in the
semimajor axis of Uranus, which is 3.7× 10−6 a7 (the other coefficients result in an increase by
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Figure 2.2: Mean semimajor axis, computed by digital filtering, for the asteroid (24) Themis, as a function
of time over 100 000 years.
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Figure 2.3: Mean eccentricity, computed by digital filtering, for the asteroid (24) Themis, as a function of
time over 100 000 years.
















































































































































2.11. ITERATIVE MEAN ELEMENTS 43

about an order of magnitude). Figure 2.1 shows the exchange in 2-body energy between M7E7

andM8E8 as obtained by the 10 Million years integration LONGSTOP 1A [Milani et al. 1987b].

The second example is the secular change of the mean semimajor axis of the asteroid (24)
Themis, affected by the n− 2n5 divisor, which is smaller than n5 by a factor & 7.4; the main
second order term with the inverse cube of the divisor contains e2. [Milani and Knežević, 1990]
show that it is possible to approximately predict the amplitude of the secular change in a.
These effects are anyway at the level of few parts in 10−4 au, thus their removal is not essential
for the study of asteroid families.

In both examples, however, to measure these small secular perturbations on the semimajor
axis we have been forced to use the digital filtering methods from Chapter 4, thus obtaining
for (24) Themis the Figure 2.2. The accuracy of the analytic removal is not really enough to
allow detection of these secular second order effects. The strict correlation between the secular
perturbations in a and in e is apparent by comparing with Figure 2.3.

2.11 Iterative mean elements

Figure 2.4: Semimajor axis of the asteroid (2114) Wallenquist, as a function of time over 100 000 years.

To understand the performance in the computation of mean elements, e.g., the mean semimajor
axis a′, let us chose an asteroid very close to the 2/1 mean motion resonance with Jupiter,
namely (2114) Wallenquist. This asteroid has values of a lower then the one corresponding to
the resonance, thus n− 2n5 > 0, but this divisor is very small.

The short periodic oscillations in the elements, especially in the osculating semimajor axis a,
are very large, see Figure 2.4, and would create difficulty in the family classification, actually
the highest values would place (2114) right in the Kirkwood gap, while the lowest values would
place this asteroid right in the middle of the family of (24) Themis.
















































































































































44 CHAPTER 2. PERTURBATION THEORY

Figure 2.5: Mean semimajor axis, computed by an explicit first order theory, for the asteroid (2114) Wallen-
quist as a function of time over 100 000 years.

The mean elements computed with the first order theory [Milani and Knežević, 1990] exhibit
a lower excursion, in particular avoiding the values too close to the resonance, see Figure 2.5.
Still there are negative peaks with values > 0.02 au smaller than the average.

To understand this behavior, the best way is to look at the Figure 2.6 which allows to appreciate
the way the correction, which should approximate a′ − a, behaves as a changes. Indeed, if
osculating a has a large value, very close to the resonance, such as 3.24 au, then the divisor
n − 2n5 is still positive but small, and from the χ2/1 term a correction containing −∂χ2/1/∂λ
is introduced, containing the inverse of the divisor, thus quite large. But then this results in
overshooting, that is the computed value is a′ & 3.18 au, forming one of the negative peaks.

To the contrary, if the osculating value is a & 3.18 au, then the divisor is much larger and the
correction results in an undershooting, that is it is not enough to bring the computed a′ to the
intuitively right value, which should be just above 3.20 au.

The above empirical observation of the behavior of the computation of a′ by a first order theory
suggests a method which could give better results [Milani and Knežević, 1999]. Let us suppose
that we knew the values of the mean semimajor axes, both for the planet and for the asteroid,
namely a′5 and a′, thus we can compute the values of the mean mean motion for both, n′

5 and
n′; then the divisor would have a value n′ − 2n′

5 which would change little with time. Then we
could use a value of χ2/1 containing the divisor as n′ − 2n′

5, and the computed correction could
be subtracted from a′ to give a with better accuracy. (We assume here we know a′5, although to
compute it a similar argument should be applied, taking into account the perturbations from
the other planets.)

This is not an algorithm for computing a′, since we use its value to start with. However, if we
assume we know the map

Λ = Λ′ +
∂χ2/1(Λ′,λ′)

∂λ
,
















































































































































2.11. ITERATIVE MEAN ELEMENTS 45

Figure 2.6: Mean semimajor axis, computed by an explicit first order theory, and osculating semimajor axis
for the asteroid (2114) Wallenquist, over a time span of 100 000 years.

and that it is close to the identity, its inverse can be computed by using the fixed point method16,
that is an iterative procedure starting from Λ(0) = Λ and λ(0) = λ with recursive equation

Λ(k+1) = Λ−
∂χ2/1(Λ(k),λ(k))

∂λ
, λ(k+1) = λ+

∂χ2/1(Λ(k),λ(k))

∂Λ
.

For ε small enough the iterations may converge, then the limit for k → +∞ would give (Λ′,λ′).

The formulas above are somewhat simplified, because in a real computation we cannot consider
just the resonant term, but also all the others, including the one with argument λ − 2 λ5 +
!5. The changes in the elements e, I between osculating and mean are relevant too, thus the
iteration should be done on all the coordinates, including λ, while in the first order theory λ′

does not need to be computed. Moreover, the convergence of the iterations cannot always be
guaranteed, e.g., if the divisor changes sign then divergent iterations can be expected; indeed,
there are resonant orbits, for which the divisor is permanently very close to zero.

The results of the iterative method are shown in Figure 2.7, which indicate there is still an
effect not completely removed by the iterations. However, the values of a′ at convergence are
closely clustered, and Figure 2.8 shows that, although not all the short periodic perturbations
have been removed, still the maximum excursion is now & 0.005 au, more than an order of
magnitude smaller than the excursion of the osculating a. For comparison, the mean semimajor
axis computed by digital filtering, plotted in Figure 4.3, clearly shows the higher order long
period changes, which are of the same nature as those for (24) Themis but almost an order of
magnitude stronger, due to the asteroid being closer to the 2/1 resonance.

16[Milani and Knežević, 1999] have actually tested several different methods, finding that the iterative fixed
point method best suits this specific application.
















































































































































46 CHAPTER 2. PERTURBATION THEORY

Figure 2.7: Mean semimajor axis, computed by an iterative theory, and osculating semimajor axis for the
asteroid (2114) Wallenquist, over a time span of 100 000 years.

A more global view of the situation with the computation of mean elements can be appreciated
from Figure 2.9, where crosses mark values of mean (a′, e′) for which the computation with the
first order theory and with the iterative theory results in a difference > 10−3 au in a′. The
location of the crosses near the main Kirkwood gaps excavated by the strongest resonances
indicates that the simple model, based on just the largest resonant term, used above is a
correct qualitative explanation.

All the above is a purely empirical argument, and indeed it leaves many open problems: first
and most important, why should a computation of the inverse map a′ #→ a work better than
the computation of a #→ a′, the one we are actually looking for? Does this contradict the
statement we have made previously that the map defined by the determining function −χ(z′)
is the inverse of the one defined by χ(z)?

In fact we have shown that the main term χ2/1 has a very different values when computed in
the mean elements space. How can a smooth function χ have zero derivative with respect to
the one-parameter group of transformations determined by itself, that is {χ,χ} = 0, and then
not be invariant? The answer, of course, is that χ(z) does not exist at all as a smooth function,
but only as a formal series. In fact, χ(z′) might be in some sense better defined. To understand
all these apparent paradoxes, please wait until Chapter 6.
















































































































































2.11. ITERATIVE MEAN ELEMENTS 47

Figure 2.8: Mean semimajor axis, computed by an iterative theory, for the asteroid (2114) Wallenquist, as a
function of time over 100 000 years.

Figure 2.9: The mean semimajor axis and mean eccentricity computed for 13, 345 asteroids. The crosses
indicate cases in which the difference between the mean a computed by a first order theory and the one
computed with an iterative theory exceeds 0.001 au. These cases are concentrated near the 2/1, 3/2 and 5/2
resonances with Jupiter, and in the outer part of the main belt, where there are many mean motion resonances.
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and Leverrier coefficients, Bull. Acad. Serbe Sci. Arts 107, Sci. math. No 19), 1–17.
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IL PROBLEMA RISTRETTO
DEI TRE CORPI

Il problema che intendo trattare qui si riallaccia idealmente alla discussione del capi-
tolo 2. Avendo studiato in dettaglio la dinamica di un sistema a due corpi sembrerebbe
naturale, volendo procedere passo passo senza gettarsi immediatamente nello studio
del problema planetario in forma generale, tentare anzitutto di studiare un problema
a tre corpi. A tale conclusione, dopotutto, era già arrivato Lagrange, che pur avendo
ottenuto i brillanti risultati sulle perturbazioni secolari che ho esposto nel capitolo 6,
non aveva rinunciato all’idea di cercare soluzioni in forma generale, e aveva appunto
iniziato con uno studio accurato del problema dei tre corpi, proseguendo delle ricerche
già iniziate da Eulero.

Lasciando la discussione del problema generale pe il capitolo successivo, mi oc-
cuperò qui del problema ristretto dei tre corpi. Si tratta di una versione per cos̀ı dire
semplificata del problema generale. È appena il caso di sottolineare che l’aggettivo
“semplificata” non è da intendersi nel senso di “semplice”: è vero che il numero di
gradi di libertà viene ridotto in modo drastico, ma ciò serve solo a ridurre la comp-
lessità del calcolo, e non le reali difficoltà che restano tutte ben presenti.

Il problema si enuncia come segue.
Due punti materiali, detti corpi primari, si muovono nello spazio su
un’orbita Kepleriana (ellittica o circolare). Un terzo punto P di massa
trascurabile rispetto ai primi due, detto planetoide, si muove sotto l’azione
della forza Newtoniana esercitata dai primari, senza influenzarne il movi-
mento. Si chiede di studiare la dinamica del punto P .

In altre parole, si suppone che i primari si comportino come un sistema a due corpi la
cui dinamica non viene influenzata dal planetoide. A sua volta, il planetoide si muove
sotto l’azione di un ambiente esterno, rappresentato appunto dai primari.

Nell’ambito della Meccanica Celeste il problema dei tre corpi si presenta come lo
schema più naturale in cui inquadrare, almeno in prima approssimazione, problemi
quali il moto dei pianeti interni all’orbita di Giove (Mercurio, Venere, Terra, Marte)
o degli asteroidi quando si tenga conto dell’azione di Giove e del Sole. Si tratta ovvi-
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amente di un’approssimazione: si assume che le perturbazioni più consistenti siano
dovute al pianeta di maggior massa, ossia Giove, ignorando gli effetti dovuti a Saturno,
Urano e Nettuno. Nel caso dei pianeti interni e degli asteroidi della fascia principale ciò
può giustificarsi ulteriormente in considerazione del fatto che gli altri pianeti maggiori
sono molto più lontani di Giove. Lo schema del modello ristretto può applicarsi anche
allo studio della dinamica dei satelliti naturali e artificali.

Si possono considerare diverse varianti. Si distingue anzitutto il caso circolare,
in cui i due primari ruotano a velocità uniforme rispetto al baricentro comune, dal
caso ellittico. Si distingue poi il caso piano, in cui il planetoide è vincolato a muoversi
nel piano dell’orbita dei primari, da quello spaziale. Combinando tra loro queste due
scelte si hanno quattro casi possibili, e comunque tutti non integrabili (o, per essere
pignoli, non integrati).

7.1 L’Hamiltoniana e le equazioni

Iniziamo con lo scrivere le equazioni del problema ristretto circolare in forma Hamilto-
niana. A tal fine è particolarmente comodo far uso di un sistema di riferimento in cui
i primari occupino delle posizioni fisse. Inoltre è conveniente fissare le unità di misura
in modo da minimizzare il numero di costanti.

7.1.1 Scelta delle unità di misura

È uso comune, del resto conveniente, scegliere le unità di misura in modo da ricondurre
il problema alla forma più semplice possibile. Come misura di lunghezza si sceglie il
semiasse maggiore dell’orbita kepleriana dei primari, che nel caso circolare è la distanza
tra i due. Si sceglie poi l’unità di massa pari alla somma delle masse dei primari (quella
del planetoide è trascurabile), e si denota con µ la massa di uno dei due primari
(solitamente la più piccola), sicché l’altra massa risulta essere 1− µ. Infine si pone la
costante di gravitazione G = 1, il che equivale a fissare l’unità di tempo.

Ricordiamo che per la soluzione Kepleriana del problema dei due corpi vale la
relazione tra semiassi e periodi

a3

T 2
=

G(m1 +m2)

4π2
,

dove m1 , m2 sono le masse. Ne segue che nelle unità di misura che abbiamo scelto
la soluzione Kepleriana circolare per il moto dei due primari ha periodo T = 2π, e
dunque frequenza angolare ω = 1.

7.1.2 L’Hamiltoniana e le equazioni canoniche nel caso circolare

Il procedimento tradizionale, e in effetti anche il più comodo, consiste nel considerare
un sistema di riferimento solidale coi primari, e quindi in moto rotatorio uniforme
attorno al baricentro dei primari. In questo sistema di riferimento si pongono le due
masse sull’asse x, con la massa maggiore dal lato positivo, come illustrato in figura 7.1.
Dunque, la massa 1−µ occupa la coordinata µ e la massa µ occupa la posizione −1+µ
sull’asse x.
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Figura 7.1. Ad illustrazione del problema dei tre corpi nel caso ristretto, cir-

colare e piano.

Consideriamo anzitutto un sistema di riferimento fisso, e denotiamo con ξ, η, ζ
le coordinate cartesiane del planetoide. In un primo momento scriviamo in modo
esplicito tutte le costanti, riservandoci di tener conto più avanti della scelta delle
unità di misura. L’Hamiltoniana si scrive

(7.1) H(ξ, η, ζ, pξ, pη, pζ , t) =
1

2m
(p2ξ + p2η + p2ζ) + V (ξ, η, ζ, t) .

L’energia potenziale è quella gravitazionale, e sarà la somma dei due termini dovuti
all’interazione del planetoide con i primari, ossia

(7.2) V = −
G(1− µ)m

r1
−

Gµm
r2

dove r1 è la distanza tra il planetoide e il primario di massa 1 − µ e r2 la distanza
dal secondo primario. La dipendenza dal tempo deriva dal movimento dei due primari
nel sistema di riferimento assoluto. Qui non serve scrivere l’espressione esplicita della
distanza: vedremo subito che nel sistema rotante la forma è alquanto più semplice, e
si scrive in modo diretto.

Dette x, y, z le coordinate in un sistema di riferimento rotante uniformemente in
senso antiorario intorno all’asse ζ con velocità angolare ω, e scegliendo l’origine del
sistema rotante coincidente con quella del sistema fisso (sicché gli assi z e ζ coincidono)
si hanno le relazioni geometriche

(7.3) ξ = x cosωt− y sinωt , η = x sinωt+ y cosωt , ζ = z ,

e le relazioni inverse

x = ξ cosωt+ η sinωt , y = −ξ sinωt+ η cosωt , z = ζ .

Si tratta di una trasformazione puntuale dipendente dal tempo, e possiamo estenderla
a trasformazione canonica mediante la funzione generatrice

S(px, py, pz, ξ, η, ζ) = px(ξ cosωt+ η sinωt) + py(−ξ sinωt+ η cosωt) + pzζ ,
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ma dovremo ricordare che l’Hamiltoniana trasformata è H + ∂S
∂t , come abbiamo visto

nella proposizione 3.7. La trasformazione sui momenti si scrive

(7.4) pξ = px cosωt− py sinωt , pη = px sinωt+ py cosωt , pζ = pz .

Dobbiamo poi calcolare

∂S

∂t
= ωpx(−ξ sinωt+ η cosωt)− ωpy(ξ cosωt+ η sinωt) = −ωpyx+ ωpxy .

dove abbiamo sostituito la trasformazione (7.3) sulle coordinate.
Otteniamo dunque l’Hamiltoniana del problema circolare ristretto nel sistema

rotante (che con un piccolo abuso di notazione indicheremo ancora con H)

H(x, y, z, px, py, pz) =
1

2m
(p2x + p2y + p2z)− ωxpy + ωypx

−
G(1− µ)m

√

(x− µ)2 + y2 + z2
−

Gµm
√

(x+ 1− µ)2 + y2 + z2
.

Nella scrittura dell’energia potenziale si è tenuto conto del fatto che nel sistema di
riferimento solidale con i primari questi occupano due posizioni fisse, con la massa
maggiore 1 − µ nel punto (µ, 0, 0) e la massa minore µ nel punto (−1 + µ, 0, 0). Ora
teniamo conto delle unità di misura che abbiamo scelto all’inizio, sicché porremo G = 1,
ω = 1. Infine possiamo eliminare la massa m mediante la trasformazione di scala

px = mp′x , py = mp′y , pz = mp′z ,

e lasciando inalterate le coordinate x, y, z. La trasformazione non è canonica in
senso stretto, e occorre dividere per m l’Hamiltoniana trasformata (si veda il para-
grafo 3.2.1). Nel nostro caso ciò corrisponde di fatto ad eliminare un fattore m comune
a tutti i termini, sicché si ottiene (rimuovendo gli apici) la forma comunemente usata

(7.5)

H(x, y, z, px, py, pz) =
1

2
(p2x + p2y + p2z)− xpy + ypx

−
1− µ

√

(x− µ)2 + y2 + z2
−

µ
√

(x+ 1− µ)2 + y2 + z2
.

Scriviamo infine le equazioni canoniche

(7.6)

ẋ = px + y

ẏ = py − x

ż = pz

ṗx = py −
(1− µ)(x− µ)

[(x− µ)2 + y2 + z2]3/2
−

µ(x+ 1− µ)

[(x+ 1− µ)2 + y2 + z2]3/2

ṗy = −px −
(1− µ)y

[(x− µ)2 + y2 + z2]3/2
−

µy

[(x+ 1− µ)2 + y2 + z2]3/2
.

ṗz = −
(1− µ)z

[(x− µ)2 + y2 + z2]3/2
−

µz

[(x+ 1− µ)2 + y2 + z2]3/2
.
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Si vede subito che ponendo come dati iniziali z(0) = 0 e pz(0) = 0, con dati
arbitrari per la altre variabili, allora la terza e l’ultima equazione hanno la soluzione
banale z(t) = 0, pz(t) = 0. In tal caso ci si riduce a considerare il problema piano,
descritto dalle sole equazioni

(7.7)

ẋ = px + y

ẏ = py − x

ṗx = py −
(1− µ)(x− µ)

[(x− µ)2 + y2]3/2
−

µ(x+ 1− µ)

[(x+ 1− µ)2 + y2]3/2

ṗy = −px −
(1− µ)y

[(x− µ)2 + y2]3/2
−

µy

[(x+ 1− µ)2 + y2]3/2
.

7.2 Gli equilibri lagrangiani

Vogliamo ora cercare le soluzioni di equilibrio per il sistema (7.6). Dal momento che
le equazioni per z, pz ammettono z = pz = 0 come unico punto di equilibrio potremo
restringere la nostra attenzione al problema piano, come descritto dalle equazioni (7.7).
Il lettore noterà che gli equilibri sono le posizioni in cui il planetoide sta fermo in un
sistema di riferimento che ruota uniformemente. Nel sistema fisso si vedranno i tre
corpi girare con velocità uniforme mantenendo la stessa posizione relativa.

7.2.1 Calcolo degli equilibri relativi

Occorre annullare i secondi membri delle equazioni. Ponendo ẋ = ẏ = 0 otteniamo

px = −y , py = x .

Le altre due equazioni diventano

(7.8)

x−
(1− µ)(x− µ)

r31
−

µ(x+ 1− µ)

r32
= 0

y −
(1− µ)y

r31
−

µy

r32
= 0 .

dove

(7.9) r21 = (x− µ)2 + y2 , r22 = (x+ 1− µ)2 + y2

sono le distanze del planetoide dai due primari.
Per il seguito è conveniente anche fattorizzare x e y al numeratore, e riscrivere le

equazioni nella forma

(7.10)

x

(

1−
1− µ

r31
−

µ

r32

)

+ µ(1− µ)

(

1

r31
−

1

r32

)

= 0

y

(

1−
1− µ

r31
−

µ

r32

)

= 0



 

 

 





















 




