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Chapter 1

THE EQUATION OF MOTION

1.1 The asteroid many-body problem

Given the point masses! m; located at positions x;, with velocities x;, for i = 0,1,...,5, the
forces acting between the two bodies with indexes ¢ and j, due to their mutual gravitational
attraction, are given by

Fij = GLém’ (x;—xi) , Fji= GLémj (x; — x;) (1.1)

Ty T3,

where z;; = |x; — x;| = zj;. They represent the attraction of body j by body i, and of body
© by body j, respectively. Thus the attraction force is along the line joining the positions of
the two bodies, of intensity inversely proportional to the square of the distance, and fulfills the
action-reaction principle, that is F;; +F;; = 0. By the superposition principle the total
force acting on each body i is just the sum of all the force vectors resulting from the attraction
of all the other bodies, forming the equation of motion for body

s
. G m;m;
m;X; = — X5 — X;) 3 1.2
PR Rl (12)
this applies for each i = 0,1,...,5. Note that by the Einstein equivalence principle the m;
appearing in the left hand side is the same as the one on the right hand side of the equation.
By the action-reaction principle the constant G appearing in F;; and in F;; must be the same,
and by the equivalence principle it is also the same for all bodies. This implies that of the three
possible definitions of mass (inertial, gravitational active and gravitational passive) only one
appears in the equation of motion: to simlify the notation we shall use the gravitational active
masses (t; = G'm;. After multiplying the equation of motion above by the constant G, all the

m; and G itself disappear:

S
. Hj i
j#ij=0 U

IPoint masses are approximations for the gravity field of an extended body, represented by the attraction of
the total mass of the body concentrated in its center of mass. It can be shown that this approximation is good
enough when the dimensions of the bodies are negligible with respect to their mutual distances, that is for long
range perturbations such as the ones acting on asteroids.
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Indeed the p; are the only masses which can be considered in Celestial Mechanics?, thus we
can solve for the accelerations:

%= > ;‘—; (x; — %,). (1.4)

j#1,§=0 "4

In our solar system, if the index 0 stands for the Sun, the first N positive indexes are for the
major planets, the last M for asteroids and other minor bodies (with S = N+ M), and we have
that pg >> p; (j = 1, N) >> pg (k= N+1,5). In fact u; < 1073 pg and 1 < 5x 10719 g, thus
the ratios p;/ o are small parameters and our problem belongs to a class of small perturbation
theories. Of course there are two different levels of smallness, the asteroids masses being of
higher order of smallness with respect to the planetary masses.

As a consequence of the dominace of the solar mass g, it is convenient to use heliocentric
coordinates:

=X —Xo , Ti=nl o, ryEriorn=xi-X o, 1= vl =y

then, assuming the masses of the asteroids are negligible to the point that they do not count
as sources of gravitational attraction, the equation of motion (1.4) becomes

N

N
. s Mk
T = 3 Tij — o3 ko
. T
j#i,j=0 Y k=1

for © = 1,5. By isolating in the right hand side the largest term, the one with pg, and noting

that in the heliocentric reference frame r;p = ro — r; = —r;, we get
Iz a Iz = Iz
. 0 j k
P =—"—=r;+ E L =T (1.5)
3 3 1ij 3
T = Ty
! j#ij=1 "4 k=

The three terms on the right hand side are the unperturbed 2-body acceleration?, the
direct perturbation* and the indirect perturbation®. If the body i is a planet, the last
sum contains also a k = 4 term; it accounts for the fact that a heliocentric reference system is
not an inertial one, that is the Sun is accelerated by all the planets (but not by the asteroids,
because the corresponding accelerations are neglected).

1.2 Equation of motion for the restricted problem

The equation (1.2) refers to the hypothesis that the orbits of IV planets and M asteroids have
to be computed at once, which may be the case in a numerical integration. However, if we

2The gravitational constant G, thus the masses m;, cannot be determined from the planetary orbits. The
only exception are the tests for the violation of the equivalence principle [Milani et al., 2010b].

3 Acceleration due to gravitational attraction of the central body of the system (e.g. the Sun).

4Acceleration due to all other perturbing bodies in the system (e.g. solar system major planets).

® Acceleration %o due to the change of position of the coordinate origin (e.g. heliocenter) due to the pertur-
bations exerted on the central body by the other bodies in the system.
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can indeed (because of the level of accuracy required) ignore the attraction from the asteroids®,
we are speaking of the restricted problem, in which the orbit of a given asteroid does not
depend at all upon where the other asteroids are. Thus we can restrict ourselves to developing
the theory of a single asteroid perturbed by the planets (hence the title of this book). If we
are interested in computing the orbit of the asteroid r = ry; only, then S = N + 1, and the
equation of motion in heliocentric coordinates becomes

- Fo Fri Fi
F=——r+ —— (r;—r) — — T, 1.6
AT D (1.6)
where 7 = |r|: the direct and the indirect perturbations have sums of terms with the same

indices, one for each planet.

The restricted problem is a good approximation because the asteroid mass is small, however by
removing the terms with gy, in the equations of motion for the planets, the action-reaction
law by Newton is violated. In this way the asteroid does not contribute to the 10 classical
scalar integrals of motion (energy, angular momentum, linear momentum and center of mass,
see Section 1.3) and the equation (1.6) has no exact integral.

The equation (1.6) of the restricted problem can be derived from the Lagrange formalism: let
the kinetic energy T, the gravitational potential / and the Lagrange function L for
unit mass be

L.
T o= Sl . U="7 (1.7)
N 1 N s
Upr = Z |r-—lr| ; Z/{IND:—Z T—;ri-r (1.8)
i=1 ° i—1 i
L(r,xt) = T+U=T+U +Uprr+Uinp (1.9)

Then the Lagrange equations of the restricted problem are defined by the conjugate momentum

vector p
oL or . . oL 0U .

o L P gt

The Hamilton function is defined by the Legendre transform (cite?)

P (1.10)

1
H(p,r):p-i‘—£:§|p]2—U:T—M

and can be decomposed into an unperturbed portion Hy and a perturbation part ¢ H; with
small parameter € ~ Max;(j1;/110)

1 U U
H=Ho+eH . Ho=5IplP—t . i :—M. (1.11)
Thus equation (1.6), with its Lagrange and Hamilton equivalent
ou oH
= — = ——— 1.12
T o or ’ (1.12)

6This assumption may not be applicable in some extreme accuracy computation, such as the ones about
predictions of impacts of an asteroid with a planet.
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is the basic equation of motion we are discussing in this book. However, we need to assume
that the equation of motion for the planets, that is (1.5) for ¢ = 1, N, has been solved and the
solution is available as a function of time ¢. Since this is by no means a trivial assumption, we
need first to discuss the orbits of the planets. Thus in the following of this section we will give
a general discussion of the complete equation (1.5) for ¢ = 1, N, hence for the planets, which is
an autonomous equation, that is it does not contain explicitly the time. Once the solution
of the planetary motions is substituted in (1.6), the equation is not autonomous any more. If
the two equations for the planets and the restricted one for the asteroid are considered as a
single equation of motion for both, then it is autonomous.

1.3 First integrals for the planetary problem

1.3.1 Derivation from the equation of motion

To discuss the motion of the planets we have to return to the equation of motion in an inertial
reference system (1.2), restricted to N + 1 bodies (with S = N). There are N + 1 such second
order differential equations, one for each of the ¢ = 0,1,..., N bodies. Thus, their complete
integration should give 2(N-+1) 3-vector integrals, or 6(N+1) corresponding scalar integrals.

Independently of what is the number of bodies in the system, it is possible to find only three
3-vector integrals and one scalar integral, for a total of 10 scalar first integrals: these are the
first integrals of the many-body problem.

Let us begin derivation of the general integrals by noting that the right hand sides of equations
(1.2), for an arbitrary pair of bodies i and j, consist of “symmetrical” terms F;; and F;, see
eq. (1.1), which have zero vector sum, and that such couples exist for all the combinations of
indexes. Hence, by summing all (N + 1) the equations (1.2) up, we get

N
> ik =0. (1.13)
i=0

Setting My = Zfio 1, the total mass, the integration of (1.13) gives
N .

i=0
where by is a constant vector independent from time. Integrating one more time

N
ZMX@' = My (by + by t) (1.15)
=0

where by is another constant vector. The two vectors represent the first two 3-vector integrals
of the many-body problem: they are called the center of mass integrals. by is the position
vector at ¢ = 0 of the center of mass which moves with uniform velocity bo. Note that all of
the above is a consequence of the action-reaction principle only.
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Multiplying vectorially equations (1.2) for ¢ = 0, 1,..., N in turn with x¢, Xy, ..., Xy, and sum-
ming them up, each symmetrical couple on the right hand side gives

Mifj {x; X (x; —x;) +x; X (x; —x;)} = 'uifj {x; x X +x; X%} = 0.
ij Ty
Hence .
D ki (xi X %) =0 (1.16)
i=0

Since, in general,

d ) ..
%(Xi X Xi) =X; XT;,

the equation (1.16) can be replaced with

which is straightforwardly integrated to give

N
> pi(xix %) =c. (1.17)
i=0

The obtained constant 3-vector c is called the area integral’.

Multiplying scalarly equations (1.2) for i = 0,1,..., N in turn with dxg, dxy, ..., dxy, and sum-
ming them up, the couples on the right hand sides give

Hi 1 Wi 4
L - (¢ = x) +dx;  (x— %)} = = EL (= x1) - (dx; — ).
) 7]

Since
(Xj — Xi) . (de — dXZ) = Xij dXij = l'ijdﬂfij s

each couple reduces to

Hi [g
2 = dy
(]
and we end up with
N N-1 N i 1
LN . P ¢ J ..
Zul X; - dx; Z 2. = dx;j . (1.18)
=0 =0 j=i+1 v

"x; X %; in the two-body problem (Section 1.4) represents twice the oriented area which position vector x; of

the mass p; sweeps in unit time. Equation (1.17) states that the vectorial sum of these oriented areas, sweeped
by vectors x; and multipled with corresponding masses p;, is a constant vector.
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In the right hand side of the equation above every combination of masses j; and p; appears
only once, because each of the above couples provides a single term.

The equation (1.18) can also be easily integrated. Its right hand side is equal to the differential

of the scalar expression
N-1 N

(1.19)

which is called the force function of the material system. Since

d2 X; dXZ

equation (1.18) can be replaced with

ZMZ T;dz; = dU

which upon integration gives

N
3 “Z; —U+E (1.20)

where E represents the integration constant.

The scalar integral (1.20) is called the vis viva (energy) integral. Together with 3-vectors
by from (1.15), by from (1.14), and ¢ from (1.17), it completes the list of 10 scalar general
integrals of the many-body problem.

1.3.2 Derivation via the Lagrange function

Again we have to begin from the equation of motion in an inertial reference system (1.2),
for which we have to find the corresponding Lagrange function L, with kinetic energy 7" and
gravitational potential U. Note that to compute the integrals of motion we assume all bodies
have mass, that is either S = N, or if an asteroid is included S = N + 1, although the terms
with puny1 give a negligible contribution.

N
1 : Wi 14
_§§ pilx)> U= E |7] ., L=T+U, (1.21)
Jj=0

— X
0<j<i<N

where L is a function of all the positions x; and all the velocities x;. The momenta vectors
and Lagrange equations are

or : : ou .
Pj = 8—xj = HiX5 ., Pj = 8—xj = HjXj - (1.22)

It is easy to check that this Lagrangian is invariant with respect to a group of symmetries,
namely the tranformations of the 3 dimensional space of each x; that are isometries. Let
R : R* — R3 be a linear map x — Ax + d, with A a 3 x 3 matrix in the group O(3) of
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orthogonal tranformations, that is A=' = A” and d a constant vector. If this transformation
is applied to the positions of all the N + 1 bodies, and the map x — A X to all veocities, then
all the distances x;; are conserved, and the length of the velocity vectors x; are conserved too;
this implies that also the Lagrange function is invariant

L(Xo,...,XN,Xo,...,XN) :L(AXO—|—d,...,Axn+d,AX0,...,AXN) .

A 1-parameter group of symmetries of the Lagrange function L is a diffeomorphism F* of
the positions X = (Xg,...,xy) depending (in a differentiable way) upon a parameter s € R
so that F* o F# = F*** F? is the identity transformation, and F~% = [F*]~!. Moreover, the
Lagrange function is invariant:

L (FS(X), %FS(X)) =L (FS(X), ?;; X) = L(X,X) .

We also assume the mixed derivatives 0*F* /0X0s are continuous. A local 1-parameter group of
symmetries of the Lagrange function is defined by the same properties for s in a neighborhood
of 0. The main result we need is the Noether theorem, stating that if the Lagrange function
L admits a local 1-parameter group of symmetries F'* then

oL 0F*(X)

I(X,X)=—

KOs (1.23)

s=0

is a first integral of the Lagrange equation (1.22).

To prove this, let us compute the change in L because of F¥ by a Taylor series expansion in s

L(F(X), dit F*(X)) — L(X,X) = s [g—i - aF;iX)

oL 0 d
— ——F*(X
s:0+8X Os dt (X)

] +O(s?) .

s=0

Since this change in L is identically zero by hypothesis, the first order (in s) term must be zero:
by exchanging the derivatives d/dt and 0/0s

0L d J0F*(X) oL 0F*(X) B _

0 = X @ 0s o TOX T 05 lemo (by the Lagrange equation)
0L dORX)| 4oL R d [0 o)
O 9X dt Os ls=0  dt X Os ls=0 dt | X Js  ls=0

and the function defined in Eq. (1.23) is an integral.

Therefore Noether theorem applies to all the 1-parameter subgroups of the group of linear
isometries. The simplest case is that of the 1-parameter groups of translations, e.g. the
translations along one coordinate axis: F*(x) = x+ s ey, with e, the unit vector along the axis
xp, h = 1,3. If the symmetry group F*(X) is defined by applying equal translations F** to all
bodies, then the first integral described by Neother’s theorem is

N

0F*(x;)
b= Z 0s :

N
O-pj:eh-é mji(j:eh-P,
i=0 ” =0
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that is the component along the axis h of the total linear momentum P. Thus P is a
3-vector integral, and the center of mass by

N
1
by = Mo Z HiXj s (1.24)

j=0
where M, is the total mass, moves with uniform velocity:

. 1
by=—P. 1.2
0= AL (1.25)

This leads to 3 scalar first integrals independent from time (the coordinates of bo), plus 3
integrals dependent from time (the coordinates of by).
Other 1-parameter subgroups of the group of isometries are the groups of rotations around a
fixed axis. If F'* is the rotation by an angle of s radians around the unit vector v
OF*(x)
0s

=V XX
s=0

and the corresponding integral is:
N

OF*(x;)
KD S

N N N
s_o'pj:Z(VXXj>'pj:V'ZXjij:v'zluj(xjxxj)7
- j=1 j=1 j=1

J=1

namely, the component along v of the total angular momentum

N
C:ij X Ppj, (1.26)
j=1

which is also a 3-vector integral, that is another 3 scalar integrals, for a total of 9 integrals
deduced from the symmetry group of isometries.

The 10-th integral is the energy integral which can be computed as Hamilton function

N N
S b, 12 p; |’

H(po,...,pN,Xo,...,XN>: pJXj_L:E %—U(Xo,...,XN):E. (127)
=0 /

J=0

It is well known (cite Poincaré) that besides these 10 integrals the N + 1 body problem, as
defined by either (1.21) or (1.27), has no other integrals. It also follows that the equation of
motion of the restricted problem has no integrals, because the contribution of the asteroid to
the integrals has been neglected (TBC?).

[Of course the Hamilton function defines the Hamilton equations, which are the equations of
motion as a function of the time variable (taken as independent variable); this can be described
by the statement that H,t are conjugated variables. Similarly, other integrals can be taken
as Hamilton functions, and provide with the corresponding Hamilton equations the motion
under the action of 1-parameter symmetry groups, e.g., ¢, is the Hamiltonian of the rotation
around the €, axis for h = 1,3, with the rotation angle s (in radians) as independent variable,
that is ¢, s are also conjugated variables; also Py, bg - &, for h = 1,3.] [Maybe to be stated
later in Chap.5, together with a formal definition of homogenization of time]
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1.4 The 2-body problem

As the simplest example of the use of the first integrals to reduce the number of scalar equations
in (1.22), and also for later reference, let us consider the 2-body problem with Lagrange function

1 . 1 )
L= -po [%o]* + s p [%a]* + Sl
2 2 X1 — Xo|

We can change coordinates by using, in place of xg,xy, the coordinates of the center of mass
and the relative position of x; with respect to xg

b0:€1 X1—|—(1—61)X0 s €1 = H
Ho + pi1

Then U(by) = Guogl/bl, with by = |by|; to write L as a function of by, by we express X, and
X; as a function of by, by and substitute in T’

b1 = X1 —Xp - (128)

5(0 = bo — 6151 s 5(1 = bo + (1 — 61)51
2T = pig [sol? + pr 1 [* = (pio + pir) [bo® + L2 [y
Ho =+ p
the mixed terms canceling. The Lagrange function as a function of the new coordinates is
. 1 . 1 . My M
L{bo, b1, bo, br) = 5 Mo [bol* + 5 My [byf* + % : (1.29)
1
with My = po + 1 the total mass, and M; the reduced mass (harmonic mean):
1 1 1
My = Mo + (1.30)

o+ M g o

Then the Lagrange function L can be decomposed as the sum of two Lagrange functions L =

My Lo(bg) + My Ly(by, by), one containing only by, the other containing only by, and the

Lagrange equations decouple:

oU(by) Mo M,y
ob; b3

The first equation states that the center of mass moves with constant velocity along a straight

line, the second equation is the Kepler problem, with a particle of mass M; attracted by a
fixed center of mass M.

Myby=0 , Mb, = b .

By repeating the same computations done above for 7', we find that also the angular momentum
has a simple expression in the (bg, b;) coordinates:

C:[LOXOXXO+M1X1 X).Cleob()XbO—FMlbl Xbl .
When by(t) = by t +by(0) and eq. (1.25) are substituted, this reveals that the by contribution
is constant and angular momentum decouples

: 1
C0:b0Xb0:Mb0(O)XP s C:M()CO"‘MlCl.
0

The contribution from by is ¢; = by x by, the angular momentum per unit (reduced) mass of
x; with respect to the center xg; c; is also a vector first integral, thus by, by will lie for each ¢
in the orbital plane normal to c;.
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The Laplace-Lenz vector and the energy integral

The 2-body problem has another vector integral, not occurring in the N +1 > 3-body problem:
the Laplace-Lenz vector

e:—blxcl—ibl. (1.31)
which lies in the orbital plane and is directed towards the pericenter.
This can be shown by using a reference frame formed by three orthogonal unit vectors:
v.=cifeg , Vv.=bi/bi |, vg=v,xV,,
where ¢; = |c;|; we also use the time derivatives
V,=0v , vg=-0v, , v.=0.

Let 6 be the angle between the vector v, and a fixed direction in the orbital plane, and r = by,
then have

d . . )
Clzrva%(TVr):TVrX(7'“VT+7“9V9):7”29VTXVQZT‘Q@VZ
Blsz%—r@'v@,

which gives
Moe:(fvr—kréve)xr29vz—M0vT:—r2f9v9+(r392—M0)vr. (1.32)

For e to be an integral its derivative must be equal to zero. Along the solutions we make use
of the well know equations for the tangential and the radial acceleration, which give

. . M, 2
G=0=—2i04+rb=0 , i=—"2+T
r r
so that
' dr. . )
Moe = %[blxcl—M(]VT}:blxcl—M(JeVg:

= —MO/TQVTXTQéVZ—MoéVQZ

= —Moé(VrXVZ—f—Vg):O.

However, e corresponds to only two additional scalar integrals (not all components of e are

independent from c¢; because e -c; = 0). We define the true anomaly f as the angle between
e and v, in the orbital plane, that is

3 92 2

r _q i

- — —1
M() Mo’F

ecosf=e-v, =

where 720 = c1 is the (scalar) angular momentum of by and is constant®. From this there
follows the familiar formula of a conic section
C%/MO

= 1.33
" 1+ecosf’ (1.33)

8Note that 72 6 is equal to twice the sectorial velocity, thus ¢; = r2 6 v, represents the Kepler’s second law
in vector form.
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and the interpretation of the two additional two-body integrals as eccentricity e = |e|
and argument of pericenter w, that is the angle of e (direction of pericenter) with a fixed
direction in the orbital plane, in such a way that 0 = f 4+ w.

The eccentricity e is an integral depending upon angular momentum and energy. The energy
integral of the 2-body problem in (bg, b;) coordinates is

. 1 . 1 . My M
E(bo,bl,bo,bl) — 5 MO ’b0|2 + 5 M1 |b1|2 - ‘; | ! — MO EO + Ml El (134)
1
1 . 1 . M. 1 .M,
Ey = =1|bo)?> , Bi==b]P— 2= (2 +c¢6) — — 1.35
0 2‘ 0| 5 1 2| 1’ |b1| Q(T +cl) r ( )
and the eccentricity squared, computed from eq. (1.32), is
. . 2
T47;202+<7“302—M0> 2F 2
1C1
=e-e= i =1+ 7 (1.36)

If the energy of the relative motion F; is negative, then e < 1 and the trajectory of b; is an

ellipse with semimajor axis a; its relation with energy and angular momentum can be derived
from (1.33) and (1.36:

a = a+Q _ 1 [C%/MO C%/MO] /M, M,

- = 1.37
2 2 | 1+e 1—e 1—e2 —2E,° (1.37)

where ¢, Q) are the pericenter (f = 0,q = a(l — e)) minimum and apocenter maximum (f =
7, Q = a(1+e¢)) distances. The scalar angular momentum per unit mass of the relative motion,

from the same equation, is
g =vVMya(l—e?). (1.38)

1.5 Barycentric coordinates

The set of positions of the N 4+ 1 bodies can be represented in different coordinates; we are
interested in the linear coordinate changes of the form

N
bi = Z aij Xj , A = (aij), Z,j = O, N (139)

Jj=0

where the matrix A is a function of the masses only. The purpose is to exploit the integrals
of the center of mass to reduce the number of equations, generalizing the results of the 2-body
case. A natural choice is to use the center of mass as by, thus by (1.24) the first row of the
matrix A is

M
=

N

aoi . i=0,N My=> pu. (1.40)
k=0

The choice of the other b;,7 = 1, N, is not as simple as in the 2-body case. Different choices

have different advantages, and can be used for different purposes. We shall review in this and

in the next section some coordinate systems especially useful for the (N + 1)-body problem.
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The barycentric coordinate system uses the Galileo equivalence principle, stating that
that two reference systems related by a constant velocity translation lead to the same equation
of motion, implying that a system moving with a constant velocity translation with respect
to an inertial system is also inertial. Thus a reference system with by = 0 as origin and
barycentric positions b; = x; — bg = x; for ¢ = 1, N is inertial; the equation of motion is the
same as eq. (1.2). However, in this approach the barycentric coordinates s of mass index 0 (i.e.
the Sun) are not independent dynamical variables, but are deduced from the coordinates of the
other bodies and by, by eq. (1.24). Noting that in the barycentric system:

N N
ZMiXiZO = MOXOZ—ZMiXi
=0 =1

we get the equation for the barycentric coordinates of the Sun:

N

S:SB(bl,...,bN):XO—bQIXOZ—Z %bl (141)
i=1 0

The change to the barycentric system is not just a change of coordinates, but also a reduction
of the dimension of the problem: we write 3 differential equations less (the ones for mass i = 0);
moreover, the differential equations do not contain the indirect perturbation term. The reduced
equation of motion is

N
- Ho fi Hj i :
pib; = ——— (s —b;) + —2 = —(b; — by) i=1,...,N (1.42)
[b: —sf? ﬁ;j—l [b; —by*

and can be expressed in conservative form

(9U(s, bl,bg, ce ,bN>

b = , i=1,N, 1.43
1 o, (1.43)
where U is the same potential defined in (1.21), and the partial derivatives of U have to
be computed before substituting s = sg(by,...,bx). The integrals of energy and angular
momentum have less simple expressions when written as a function of (by,...,by), because

they include the contributions from s.

Barycentric coordinates are efficient to be used for numerical integrations’: only the 3N equa-
tions (1.42) have to be integrated, and the only additional computation to be performed at
each step is s according to (1.41). On the other hand, barycentric coordinates are seldom used
in analytical developments and in theoretical discussions, because of the lack of symmetry of
the equation and of the less simple expressions for the classical integrals. This is not a problem
because the numerically computed orbit does not need to be used in barycentric coordinates:
to change the output back to heliocentric coordinates is the standard procedure.

9As an alternative approach, in a numerical integration it is possible to compute the full solution of eq. (1.2),
then use by = by = 0 as accuracy check. Besides the small increase in efficiency, which is not important with
current computers, there are advantages in describing the general relativistic effects in barycentric coordinates,
although the very definition of barycenter has to be modified to remain an integral.
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1.6 Heliocentric Canonical Coordinates

To derive equation (1.5) from a single Lagrange (or Hamilton) function is not immediate, mostly
because of the asymmetric indirect term. To solve this, Poincaré invented the heliocentric
canonical coordinates (r;, uibi), in which the positions are heliocentric and the linear mo-
menta are barycentric [Laskar 1989]. To show their properties, let us use a linear coordinate

change
N
I'Z‘:Z CLinj y A:<CL”>,Z jZO,N
=0

such that ro = xy = s, that is ag; = do; and the others are heliocentric vectors: r; = x; — x¢ for
i =1, N, that is a;; = §;; — d;0 for j = 0, N' (the notation J;; stands for the Kronecker 9, é;; = 1
if i = j, = 0 otherwise). To complete the transformation of the coordinates x; with a linear
change of the momenta pu;%; such that the new coordinates are canonical (see later in Section
2.1), we need to use the matrix B

N
pi=) byuk; . B=(by)ij=0N
j=0

such that B = (A=) that is by; = 1 and b;; = 6;; for i # 0. Then pp =P = Myby is the linear
momentum integral. The other momentum vectors p; = u;X;, for i = 1, N, are unchanged with
respect to the previous, inertial coordinate system..

To perform the reduction to 3N differential equations, we assume that the coordinates x; had
already been translated in such a way that by = 0 for all times ¢, thus also by =0 = Po. Thus
the momentum vectors p; = u;x;, for ¢ = 1, N, are barycentric, and ry = s = Xq is given by
a formula similar, but not the same as (1.41), because it is a function of heliocentric position

vectors:
N

MOSZ—Zui(Pi+S>>

i=1

by solving for s:
N

sp(ry,...,ry) = —Z j\'uj r; . (1.44)
0

=1

The Lagrange function L = 7'+ U in the coordinates (r;, ;) has to have the same value as the
one in the (x;,X;) coordinates: for the kinetic energy

1 — 1 — 1
T'=5 > wilkif* = 2 D it 48+ 5110|S|2 , (1.45)
i=0 i=1
and by replacing s with the value constrained by (1.44)

N
$pr(Fr,... i) = — Y %rj (1.46)
0
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we get T'=T(fy,...,Ty); we can check that

oL .
pi = oF; = pi (¥ +8m)
as claimed. U has the same expression as in the heliocentric coordinates, since x; —X; = r; —r;.
Thus it is possible to derive the Lagrange equations and check that they are the same as (1.5):
by collecting together the direct attraction from the Sun and the indirect term from the same

planet being attracted:

Mo + N 0 N 0

. 0 i Z ] 2 : k
ti= r3 ri + r_g Tij = = T (1.47>

i j#ij=1 1 ktik=1

[TBC: computations checking this from [Laskar 1989] pages 7-8, but the notations are different]

The improvement with respect to the conventional heliocentric variables is in the Hamilto-
nian formulation. To espress the kynetic energy T'(fy,...,Ty) as a function of the momenta
To(P1, ..., pN) we substitute in 7" given by (1.45) the relationships

N
pi = pi(ti +8u) Z Pi = —HoSH
i=1
(the first is a consequence of p; = u;X;, the second of the constraint by = 0): we get
SR 11
S e ] 2
i=1 i Ho 1<i<j<N Mo

(1.48)

which is convenient because of the especially simple expression (just a sum of scalar products
of the p; vectors) for the indirect term, which has been moved in the 7" part.

N

1 pi2 1
Tp(pl""’pN):§Z|M.| +2—Mo
i=1 v

N

Zpi

i=1

Because the function 7}, is homogeneous and quadratic in the variables p;, the Legendre trans-
form has a simple expression:

N
H=> piit;—L=2T,-T,-U=T,-U,
=1

that is the value of the Hamiltonian is the total energy. The Hamilton equations (see Section 2.1)

are
oH  OU . _OH aT

- - = r, = - )
or; or; ' op; op;
they are equivalent to the second order equation (1.5) and (1.47), with the indirect part arising

from the kinetic energy rather than from the potential.

p; = (1.49)

To decompose the Hamilton function into an unperturbed part Hy, given by the sum of N
Hamiltonians of the 2 body problem, corresponding to Lagrangians as in eq. (1.29), and a
perturbation H;, we include the indirect portion of the kynetic energy in the perturbation:

1 & 11 N o+

o o 12 | = | 0 1
=Tty = 33 i [ ] -3
i=1 v i=1 ’

r. — r :
1<icj<n Mo 1§i<j§N| i — 1]

(1.50)
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In this way the unperturbed part Hy contains the sum of the 2-body Sun-planet relative motion
energies, as in eq. (1.35); this we will need in Section (2.5).

1.6.1 The angular momentum integral

The heliocentric canonical coordinates have another advantage in an especially simple expres-
sion for the angular momentum integral: by starting from the expression of ¢ in barycentric
coordinates, then by using (1.44) and (1.46)

N N N
c = E XiXMiXiZSHXMoSH+E SHXMiXi+E v X ;X

=0 =1 i=1

N N
= sy X [Z Wi X; + o Sg +Zrixﬂixi7

i=1 i=1

where the portion between square brackets is just M, by = 0, thus

N N

c:ZriX,ui)'cz-:Zrixpi. (1.52)

i=1 =1

Hence the total angular momentum is just the sum of the ones of the 2-body Sun-planet
subsystems; this we will need in (2.6). Note that it would be the same if the sum was to
include ¢ = 0, since pg = 0.



